Non self-similar blow-up solutions to the heat equation with nonlinear 

boundary conditions 



Junichi Harada 



Abstract 

This paper is concerned with finite blow-up solutions of the heat equation with nonlinear bound- 
ary conditions. It is known that a rate of blow-up solutions is the same as the self-similar rate for 
a Sobolcv subcritical case. A goal of this paper is to construct a blow-up solution whose blow-up 
rate is different from the self-similar rate for a Sobolcv supercritical case. 

Keyword Type 11 blow-up; nonlinear boundary condition 

1 Introduction 

We study positive solutions of the heat equation with nonlinear boundary conditions: 

'dtu = Au, e M!^ X (o,r), 

< d^u = u'^, {x, t) e dWl X (0, T), (1) 

_n(x,0) = uq{x), X G M", 

where M.^ = {x e M";x„ > 0}, d,y = -d/dxn, g > 1 and 

no G C(l^) n L°°(M^), uo{x) > 0. 

It is well known that ([I]) admits a unique local classical solution u{x, t) G BC{W^ x [0, r)) n C^'^(M'" x 
(0,r)) for small r > 0, where BC{Q) = C{il.) D L°°{i}). However by the presence of nonlinearity u'^ 
on the boundary, a solution u{x, t) may blow up in a finite time T > 0, namely 

limsup \\u{t)\\Locmn^ = oo. 

In fact, a solution of ([T]) actually blows up in a finite time under some conditions on the initial data 
(e.g. [3], [5], [H]). In this paper, we are concerned with the asymptotic behavior of blow-up solutions 
of ([1]). Let qs = n/{n — 2) if n > 3 and qs = oo if n = 1,2. For the case 1 < q < qs, it is known that 
a finite time blow-up solution u{x,t) of ([T]) satisfies 

sup (T-t)i/2(«-i)||n(t)||i^(Mn) < oo, (2) 

t6(0,T) 

where T > is the blow-up time ofu{x,t) ([1], [21]). More precisely, let xq G (9M" be the blow-up point 
of u{x,t), then the asymptotic behavior of u{x,t) is described by the backward self-similar blow-up 
solution ([2]): 



lim sup 

*^'^|2|<R(T-i)i/2 



(T - t) V2(.-i)^(^Q + z,t)-x [zJVT^) I (3) 



for any R > 0, where xiO ^ unique positive solution of 



-y' = for f > 

2^ 2{q-l) ror^>u, 

-X" on C = 0. 
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Following their works, more precise asymptotic behavior of blow-up solutions were studied in [101 lllj . 
In general, the estimate ^ is known to be important as the first step to study the asymptotic behavior 
of blow-up solutions. Once ([2]) is derived, one may obtain more precise asymptotic behavior such as 
([3]). However it is not yet known whether ([2]) always holds for the case q > qs- An aim of this paper 
is to show the existence of finite time blow-up solutions of ([T]) which does not satisfy ^ for some 
range of g > qs- This kind of non self-similar blow-up phenomenon was already studied in various 
semilinear parabolic equations. Particularly, this paper is motivated by |13l I14j . In that paper, they 
studied finite time blow-up solutions of 

ut = Au + uP, {x, t) G X (0, T). (4) 

There are vast papers devoting finite time blow-up solutions of and their asymptotic behavior. Let 



PS 



oo ifn = l,2, foo ifn<W, 

n + 2 PJL = { {n - 2)^ - 4n + 8^/7^^ .„ 

if n > 3, -, — ^ if n > 11. 

Ln-2 - ' I (n-2)(n-10) 



As for the blow-up rate, it was shown in [9l [8] that 1 < p < ps, every finite blow-up solution of ^ 
satisfies 

sup (T - < oo. (5) 

ie{o,T) 

This estimate is corresponding to ([2]), which is called type I blow-up. However ([5]) does not hold in 
general for p > ps- In fact, Herrero and Velazuquez ([l3l[ll]) constructed finite time blow-up solutions 
satisfying 

sup (T-t)i/(P-i)||n(t)|Uoo(Kn) =oo 

t6(0,T) 

for q > qjL (see also [I7|). This blow-up is called type II. They also gave the exact blow-up rate for 
type II blow-up solutions constructed in that paper. Their method relies on the matched asymptotic 
expansion technique. However this technique includes a formal argument, it is justified by Brouwer's 
fixed point type theorem with tough pointwise a priori estimates. This technique is known to be a 
strong tool to study the non self-similar phenomena in semilinear parabolic equations. 

In this paper, following their arguments, we will construct non self-similar blow-up solutions of ^ 
which does not satisfy ([2]). 

Theorem 1.1. Let q be J L- supercritical (see Definition 13. ip . Then there exists a positive Xn-axial 
symmetric initial data no(x) G i?C(]R") such that a solution u{x,t) of ([1]) with the initial data uo{x) 
blows up in a finite time T > and satisfies 

sup (T - t)i/2(5-i)||n(t)|U^(Mn) = oo. (6) 
te(o,T) ^ 

Remark 1.1. As far as the author knows, this paper seems to be the first one which treats non self- 
similar blow-up solutions in a non radial setting. However we will see that our argument is reduced to 
a radial case in the matching process. 

Our idea of the proof is almost same as that of [14] . To study finite time blow-up solutions, we 
first introduce the self-similar variables as usual. 



<^(y,.) = (T-t)V%-i)n((r-t)V2^,i), 



T-t 



Then we will construct a solution which converges to the singular stationary solution Uoo{y) in the self- 
similar variables. Since Uoo{0) = oo, this solution gives the desired non self-similar blow-up solution 
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satisfying ||93(s)||oo — )■ oo as s — )■ oo, which is equivalent to Q. To do that, we hnearize the rescaled 
equation around the singular stationary solution Uoo{y) and construct a solution which behaves as 

^iy,s)^UM+ce-^''My), (7) 

where 4'iiy) fiiid Xi are the i-th eigenfunction and the i-th eigenvalue of the linearized operator. 
However since C/oo(0) = and |</'£(0)| = oo, this does not give the desired blow-up solution. To 
overcome this difficulty, following the idea in [Tl] , we assume a solution behaves a different way in an 
inner region < |y| < R{s) and an outer region \y\ > R{s) {R{s) — )• as s — )■ 0). In fact, we will see 
that a solutions behaves as ((Tj) in the outer region, however it is described in a different way in the 
inner region. In this argument, the matching process at \y\ = R{s) plays a crucial role. Finally we 
justify this formal argument by Brouwer's type fixed point theorem. 

In a non radial setting, to obtain a large time decay estimate, we can not apply the method in [14j . 
Here we improve their argument by combining the L^-decay of solutions and the L°°-L^ estimate for 
the linearized equation. Furthermore we provide the fundamental solution of the heat equation with 
a singular boundary condition and establish its upper and lower bound. This equation is strongly 
related the heat equation with an inverse-square potential. 

The rest of this paper is organized as follows. In Section [21 we collect notations for convenience. 
In Section [3l we recall a singular stationary solution and regular stationary solutions. Furthermore we 
provide a definition of a JL-critical exponent. Section [His devoted to the study of linearized problem in 
the self-similar variables. Here the fundamental solution of the heat equation with a singular boundary 
condition and its Duhamel's principle are discussed. In Section [5l we introduce a suitable functional 
space and give fundamental properties of solutions for a later argument. Finally Section [6|- Section 
[8] provides a priori estimates to apply a fixed point theorem. This part is a key and the most heavy 
part in this paper. In Appendix, we collect fundamental properties of eigenfunctions of the linearized 
problem. 



2 Notations 

Definition 2.1. A function u(x) defined on M" is called a Xn-axial symmetric function, if u(x) is 
expressed by u{x) = U{\x'\, Xn) for some function U defined on M_|_ x M_|_. 

Throughout this paper, solutions are always assumed to be rE„-axial symmetric functions. For 
a;„-axial symmetric functions, we use the polar coordinate: 



r = y^lx'P + , = arctan ( j . 

Let S^-^ = {uj = {u}', cos 9) -,00' G M"-\ 9 G [0,7r/2), jw'p + (cos6')2 = 1} be a half unit sphere. A 
function ^{oj) on 5""^^ is called a a;„-axial symmetric function if (,{oj) depends only on 9. We denote 
by As the Laplace-Beltrami operator on S"'~^. Then the Laplace-Beltrami operator is expressed 
in a local coordinate by 

AsC= {dee + {n-2){cot 9)80)^ 

for any a;„-axial symmetric function ^ G C'^{S^~^). Furthermore the positive (negative) part of a 
function u is denoted by ti+ = max{n,0} (u_ = max{— n,0}). From this definition, it is clear that 
u = — U-. Throughout this paper, we use 

m = l/{q — 1). 
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3 Preliminaries 

3.1 Singular stationary solutions 

First we introduce a singular solution of the following elliptic problem: 

AU = in Wl, dyU = U" on dR^. (8) 
We look for a singular solution which has a special form: 

Uooix) = y(0)r-V{9-i). 

Then V{9) is a solution of 

iAsV = m{n-2-m)V in(0,7r/2), 
\deV = VI on {tt/2}. 

Lemma 3.1 (Lemma 9 [20]). For q > (n — l)/(n — 2), there exists a unique positive solution of ([9|). 

Throughout this paper, we denote by V{6) the unique solution of ([9]) and by Uoo{x) = V{6)r~^^^'^~^^ 
a singular solution of Furthermore for simplicity of notations, we put 

3.2 JL-critical exponent 

To define a JL-critical exponent, we first introduce the trace Hardy inequality. 
Lemma 3.2 (Theorem 1.4 0]). Let n >3. We define 

/ \\7u\^dx 

./IB" 

ch = inf 



/ w\-'\ 



Then ch is given by cr = 2V {n/Af V ((n - 2) /4)^^. 
From Lemma 13.21 we can define 



^i(g) = i_nf 



iVuPdx — K. I r ^u^dx 



/ ^xT^u'dx' 



This expression is obtained by linearizing the equation around the singular stationary solution Uoo{x). 

Definition 3.1. A exponent q is called JL-supercritcal if n{q) > 0, JL-critical if ^{q) = and JL- 
subcritical if fJ-{q) < 0. 

Remark 3.1. By the explicit expression of Uoo{x) = V{9)r~^/^''~^^ and Lemma 13.21 we see that 
fi{q) > is equivalent to K. < ch- Hence an exponent q is JL-supercritcal if K. < ch, JL-critical if 
fC = Ch and JL-subcritical if K. > ch- 

Unfortunately we do not know the explicit expression of a JL-critical exponent. However we find 
that q is JL-subcritical if q is close to n/(n — 2) and q is JL-supercritical if q and n are large enough. 

Lemma 3.3 (Lemma 4.1 -Lemma 4.2 in [I2])- For n > 3 there exists qo > n/{n — 2) such that fi{q) < 
if n/{n — 2) < q < q^. Moreover there exists no S N such that for n > there exists qi > qo such 
that fi{q) > if q > qi- 
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3.3 Regular stationary solutions 

In this subsection, we collect the qualitative property of positive x^-axial symmetric solutions of ([8]) 
obtained in [T^j. Let Ki, ei{6) be the i-th eigenvalue, the i-ih. eigenfunction with ||ei||^2(5"-i) = 1 of 

\-/\sfi = ne in(0,7r/2), 

\dee = lCe on {7r/2}. ^ ' 



Then from Lemma 6.8 -Lemma 6.10 in [12], the first and the second eigenvalues are estimated as 
follows. 

Lemma 3.4. The first eigenvalue ki is estimated as follows: 

Ki > —{n — 2)^/4 if q is JL-supercritical, 
Ki = — (n — 2)^/4 if q is JL-critical, 
Ki < — (n — 2)^/4 if q is JL-subcritical. 

Moreover the second eigenvalue K2 is always positive. 

From Lemma 13.41 it is easily seen that 

/i^ — (n — 2 — 2m)fi — {m{n — 2 — m) + ki} = 

has two real roots if and only if q is JL-supercritical. We denote the small positive root by fii, which 
is written by 

(n - 2 - 2m) - y^{n - 2 - 2m)2 + 4{m(n - 2 - m) + ki} 
m = 2 ■ ^ ^ 

Theorem 3.1 (Theorem 1.1 [l2]). Let q be JL-supercritical or JL-critical. Then there exists a family 
of positive Xn-axial symmetric solutions {Ua{x)}a>o (f^a(O) = a) o/ ([8]) satisfying the following prop- 
erties. 

(i) Ua{x) = a[/i(a''~^x) < Uoo{x), (ii) Ua^{x) < Uazix) if ai < a2, 

(iii) lim^^oo Ua,{x) = Uoo{x) for X G 1^ \ {0}, 

(iv) there exists e > such that for any a > there exist ka = a^^'^^'^ki > and A;^ G M such that 
the following asymptotic expansion holds for large r > 



Ua{x) = Uoo{x) + 



{-ka + 0{r-'))ei ((9)r-('^+^i) if JL-supercritical, 

{-ka log r -\-k'^-\- o(r"'=))ei (6')r"(""2)/2 JL-critical, 



where the polar coordinate r = \x\, tanO = \x'\/xn is used and the asymptotic expansion holds uniformly 
/or^G (0,7r/2). 

4 Linearized problems around the singular solution 

To study blow-up solutions, we introduce self-similar variables and a rescaled solution: 

^{y, s) = iT- t)i/2(^-i)n((T - t)'/^y, t), T - t = e-\ 
Put St = — logT. Then (p{y^s) satisfies 

ips = Aip---V^p-—^p, (y, s) G M!^ X (sT, oo), 
d,^ = ip'', {y,s)edW%x{sT,(^). 
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Here we put 

^{y,s) = ^p{y,s) - Uoo{y)- 

Then since qUoo{xY~^\dWi = /Cr~^, it is easily seen that $(y,s) solves 

= A$-|-V$--$, GM!^ X (sT,oo), 

= /Cr~i$ + /($), (y, s) G 9M!f: x (st, oo), 

where 

/((!>) = ($ + C/^)5-C/^-/C$. 
Now we define weighted Lebesgue spaces and Sobolev spaces: 

Ll=\v^ LUn); [ \v{yrp{y)dy < oo I , 

JR'I J 
Hp = G L^; D"v G for any a = (ai, • • • , a^) satisfying |a| < /c} , 

LP{dRl) = \ve Ll^idRl); [ \v{yTp{y')dy' < ooj , 
[ JdR^ J 

where a wight function p{y) is given by 

The norms are given by 

Ml. = [ \viyWp{y)dy, \\v\\l, = J] \\D''v\\l„ 

' M " la\<k 

Ml''(dR") = / \viy')\^piy')dy' 

and the inner product on is naturally defined by 



{vi,V2)p= I vi{y)v2{y)p{y)dy. 

For simplicity, we set 



■ Hi?. 



(13) 



Let H* be the dual space of Hp. To study the asymptotic behavior of s), we define a linear 
operator A: D{A) H* with D{A) = H^ by 

H*{A<^,r^)Hi =-(V$,Vr?)p-^(^.,7?)p + /C / r~^^ijpdy'. 

Lemma 4.1. Let q be J L- supercritical. Then an operator {—A + p) : D[A) — )• H* has compact inverse 
on LI^p for large p > 0. Moreover its inverse is self-adjoint on L^. 

Proof. First we claim that there exist ao, p > such that 

{{-A + p)^,^)p>ao{\\Vnl+\ml) ioT^eD{A). (14) 
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Let be a cut off function such that ^(|y|) = 1 for \y\ < 1 and = for \y\ > 2. Then by the 

trace Hardy inequahty, it holds that 

CH [ r^^e^-^^-pdy < [ \V{e^p^/^)\^dy 

= j ^ ^^2|y^|2 ^ ly^2 . _ I . v(0$)2 ^ ^^0^ ^ |y^|2^ ^2^ 

< / \V<!>\^pdy + co / ^V^^y- 

Therefore we obtain 

{-A<^, <^)p >(l-^) Wvnl - colMp -K I r-\l- e^)^^pdy'. 

\ CH J JdRI 

Since JC < ch, by using fg^n ^^pdy' < e /jg„ \\/^\^pdy + cie~^ f^„ ^^pdy (see Lemma 3.1 in [H]), we 

can assure p4p . Therefore the operator (— A + /i) has inverse from to H^. Furthermore its inverse 
is clearly self-adjoint on L^. Finally we prove that {—A + p)~^ is compact on L^. Let f £ and 
$ = {-A + /-f)" V- Then it holds from ^ that 



\VMl + ll^ll^ < 



On 



We recall that the embedding Hj, — )• is compact (see Lemma A. 2 in [IT]). Therefore the proof is 
completed. □ 



From Lemma l4.ll we find that is spanned by eigenfunctions of 

2 +' (15) 

^(9^0 = /Cr^V on(9]R!j:. 

Since solutions are assumed to be 2/„-axial symmetric, every eigenfunction of p5|) is given by the 
following separation of variables: 

0(y) = e{e)a{r). 

Let ei{9) and Kj be the i-th eigenfunction with ||ej||j^2(_5»i-i) = 1 and the i-th eigenvalue of ()10p . More- 
over let aij{r) and Xij be the j-th eigenfunction with aij{r)'^ pr^~^dr = 1 and the j-th eigenvalue 
of 

/,, n — 1 , Ki , r , m \ 

— la H a T^a a a = Aa, r > 0. 

V r r2 2 2 y 

Then all eigenfunctions are expressed by 

4>ij{y) = ei{9)aij{r) 
and its eigenvalue is given by Ajj. The detail is stated in Appendix. 
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4.1 Heat kernel and representation formula 



In this subsection, we provide fundamental estimates of the fohowing hnear parabohc equations 
to (|13|) and give a representation formula (the Duhamel principle). 

= A$- |-V$- gM:^ X (0,oo), 
5^<I. = /Cr-i$, (y,s) G aM!;: X (0,oo), 

^$(2/,0) = $o(y), y(^dWl. 
Let be given in ([TT]) and ei(0) be the first eigenfunction of ([TO]) . We set 

a{y) = r~'^ei{9), 7 = m + //i. 

Then it is easily verified that 



n - 2 



Furthermore we find that cr(y) solves 



m < 7 < 



-Act = in W^, 
d^a = /Cr^V on dW]. 



Now we introduce a new function s) by 

h{y,s) = ^y,s)/a{y). 

Then b{y, s) satisfies 

6, = A6-|-V6+^-V6+ (j^^^b, (y, G R!^ x (0, oo), 
d„b = 0, {y,s) £ dW'l X {0,oo), 

^b{y,0) = bo{y) := $o(2/)/cT(y), y G 9M«. 

To show the existence of the heat kernel of ()17p . we go back to the original variables {x,t). 

Z{X, t) = {l- _ t)-^/^X, - log(l - t)). 

Now we put 

B{x) = a{xf. 

Then since (t(?/) satisfies (fT6]l . it is easily seen that z{x,t) solves 

1 

zt = - div (eV^) , 



B 

dyZ = 0, 



(3;,s) G M!^ X (0,oo), 

{x,s) G (9]R!f. X (0,oo) 
^z{x,i)) = zq{x) ■.= bQ{x), x&dWl. 

This equation is also written in another form. 

zt = -d\w{BVz) = Az+{^ \ - Vz. 



Here we introduce other weighted Lebesgue spaces related to (jTSjl . 



I \z{x)\PB{x)dx <oo\ , Hi = {z a Ll-y z a 



Inner products on and are defined by 

{zi,Z2)b-= I zi{x)z2{x)B{x)dx, 



For simplicity, we write || • ||b = || • \\L'j^- Furthermore we denote by be the dual space of H^. Let 

J: Hq — be a mapping defined by h^{Jz, C)h^ = {z, C)h^ C ^ ^g- Then an inner product 

of is defined by 

{zi,Z2)h*^ := {J'^zi, J"^Z2)i^i , Vzi, 2:2 G 
In the usual manner, z G can be considered as an element of H^. 

H*{z,OHy-=i^,C)B, VCG^l. 

We define a linear operator — by 

H.(Aoz,C)^^i := -(Vz, VC)b, VC € i^^. 
Then a weak solution of ()18p is defined by 

1^(0) = zo. ^ 

Since H^{—^oz,z)jf^ = — ||Vz||g for all z S H^, it is easily verified that the operator Aq with 
D{Aq) = is self-adjoint on H^. Therefore we obtain the following results. 

Lemma 4.2. Let zq G Hq. Then there exists a unique weak solution of ()19p satisfying 

z G C([0, 00); i?^) n C7i((0, 00); i/^) n C((0, oo); i/^). 

/n particular, g{t) = \\z{t)\\'^ is absolutely continuous on (0, 00) and g'(t) = — 2||Vz(t)||g for a.e. 
t G (0,00). Moreover if zq G H^, then the solution z is in C{[0,oo); Hq). 



Next we provide estimates of time derivatives of solutions constructed in Lemma W. 
Lemma 4.3. Let zq G L|. Then there exists a unique weak solution of (jlOp satisfying 

z G C([0, 00); 4) n C\iO, 00); L|) n C((0, oo); ), 
t\\zt{t)\\B + Vi\\Vz{t)\\B < c\\zo\\b. 

Furthermore if zq G L^ n Lg , t/ien it holds that 

zGC([0,oo);4), INWILj, = INoIIlJ,, Vt>0. 

Proof. To obtain solutions satisfying the desired regularity, we consider approximation problems. Let 
be a smooth cut off function such that 9{r) = for r G (0, 1/4) and 6{r) = 1 for r > 3/4, and 
set ^e(|x|) = 9{\x\/e). Now we define Be{x) and (Te(x) by 

a,ix) = e,a{x) + (1 - e,)e-\ B,{x) = a,{xf. 

Then there exist ci, C2, C3, C4 > such that for < |x| < e 

cie~'^ < a^{x) < C2e^^, \\7a^{x)\ < cse^'^"^ \D^ae{x)\ < c^e'^""^ . 



Therefore there exists c > such that for < Ixl < e 



< c\x\ 



(20) 



Now we consider the fohowing approximation equation. 

zt = -^div (B.Vz) , (x, t) G M!^ X (0, oo) , 

(9^z = (x, t) E X (0, oo), (21) 

^z(x,0) = zo(x), xeaM!^. 

First we assume that 

zo€C^{Wl), duZo = ondRl- (22) 
Then since a right-hand side of (j2ip is written by 

-^div (B,Vz) = Az+ • Vz 

and Vae/cr^ is smooth, if zq satisfies ([22]) . there exists a unique solution Ze(x,t) such that z^{x,t) E 
C2'i(l^x [0,oo))nC°°(M^x (0,oo)) and 

z,it)GC\[0,oo);Llj, z,{t)GC\iO,oo);Hl) {k>l), 

where L^^ and H^^ are defined in the same manner as and i/g. By a maximum principle, it is 
easily seen that 

||^e(t)||oo < Ikolloo, t>0. (23) 
Put II • IIb^ = II • ||j;^2 . Then multiplying (j2T]) by z^a"^, dtZea"^, tdtz^cFl and integrating over M" x (0, t) 
respectively, we get 

1„ 



(24) 



ft 1 

+ \\^Ze{r)\\ldT=-\\z4l^, 

1^ \\dtz,{T)\\ldT + ^||Vz,(t)|||^ = ^||Vzo|||,dr, 

^V||a,z,(r)|||^dr + ^||Vz,(t)|||^ = \l\\Vz,{r)\\ldT. 

To obtain a priori estimates for higher derivatives, we differentiate ()2ip with respect to t, then 
Zi:{x,t) := dtZe{x,t) satisfies 



Zt = ^d\Y {B,V Z) , (x,t) GM!^ X (0,oo), 
(9^Z = 0, (x,t) G (9M!;: X (0,oo). 

Since Z^{x,t) £ CiW^ x [0,oo)), by a maximum principle, we get 

\\dtz,{t)\\^ = \\Z,{t)\\oo < ||^.(0)||oo < Azo + ^ • Vzo 
Multiplying ([2^ by t'^Z^a'^, t^dtZ^al respectively and integrating over M" x (0, t), we get 

|||Z,(t)|||^+^V2||^^^(^)||2^^^^^*^||^^(^)||2^^^^ 

^V3||5^^^(^)||2^rf^+^||VZ,(t)|||^ = ^£r2||VZ,(r)|||^dr. 



(25) 



(26) 



(27) 
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Therefore since a^ix) < ca{x) for some c > 0, we obtain from (|24p and ([2 



r\\z. 



< 



< C 



1^ (T3||a,Z,(T)e, +r2||VZ,(T)e, +r||Z,(r)e,) < c\\zo\\l 
As a consequence, since a^^x) = a{x) for \x\ > e, it holds that for t > 6 

f I {5^\dtZ,{x,t)\'' + 5^\VZ,{x,t)\^ + 5\Z,{x,t)\^)B{x)dx<c\\z4l. 

Therefore by a compact embedding, there exist a subsequence {Ze^. (x, t)}fcgpj C {Z^{x,t)}e>o and a 
hmiting function Z{x,t) S \ Br x (5, for any r, J G (0, 1) such that for any > and 

ri,(5i G (0, 1), there exists ki{i',ri, 5i) > such that for k > ki 



[ [ \Z^^{x,t) - Z{x,t)fB{x)dx <i'. 

JSi Jw^XBr-^ 



As a consequence, by using ([26]) . we get for k, k' > /ci 



Z^^{x,t) — Z^ ,{x,t)\'^B{x)dx <l' + 2 sup sup ||^e(T) 



'Si 



This imphes 



e6(0,l) r6{0,t) 



< U + 2t 



2Vcre _ 
Azo H • Vzo 



[ I B{x)dx 

JSl JBr^ 

B{x)dx. 



OO ■J Br^ 



Z.^^Z in L2(]R:^ X 
for any 6 G (0, 1). Let 9^{x) be a smooth cut off function satisfying 



(28) 



if \x\ < fi, 

1 if \x\ > 2fi, 



0<ef,{x)<l, \V9f,{x)\ <c/fi. 



Since (Te(x) = a{x) for |x| > e, multiplying ([25]) by (t— (5)(Ze(x, t)— ^^'(x, and integrating 

over x (5, t), then we get for t > 5 > and e', e < r 



/ {Z,{x,t) - Z,,{x,t)fer{xfB{x)dx 

< [ dT [ \{Z,{x,t) - Z,>{x,T))\'^B{x)dx 
Js Jk'i 

+cr-^ [ {T-5)dT [ \{Z,{x,t) - Z,>{x,T))\'^B{x)dx. 
Js Jr^ 

Therefore by virtue of ()28p . we find 

lim / \Z^^,{x,t) — Z{x,t)\'^B{x)dx = uniformly for t G {6,6~^] 

with any fixed r > and 6 £ (0, 1). As a consequence, from ()26p . we obtain 

lim / \Z^^,{x,t) — Z(x,t)\'^B{x)dx = uniformly for t G (5, 
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with any fixed 6 E (0, 1). Next we provide estimates of S/z^{x,t). Since a^ix) = a{x) for |x| > e, we 
see that 



\Vz,{x,t)\^B{x)dx = / Ze{x,t)V{B{x)Vze{x,t))dx 

z^{x,t)V{Be{x)Vze{x,t))dx + / Ze{x,t)V{B{x)Vz^{x,t))dx 

z^{x,t)dtz^{x,t)Be{x)dx + / Ze{x,t)V (^B{x)\/ z^{x,t)^dx 

l\B, Jb, 
< WzMlBWdtzMlB + le. 

Since z^{x,t) is a solution of (f2T]l . by virtue of (pO|) . is estimated as follows, 
/e = y 2;e(x,t) ^Az,(x,t) + • Vz,(x,t)^ S(a::)(ix 

= y Ze{x,t) ^dtZe{x,t) — ^^^^ -VZeiXjt) + ^^^^ -VZeiXjt)) B{x)dx 



Of a 



Therefore there exists c > such that 
Furthermore we see that 

|2 



sup ||Vz,(t)||B <c. (29) 
te(o,oo) 



|Vz£(x,t) z^>(x,t)y\B{x)dx 

{z^{x^ t) — Zei{x, t)){dtz^{x, t) — dtz^i{x, t))B{x)dx 



l\Be 



+ / {Ze{x,t) - Ze'{x,t))V{B{x){Vz^{x,t) -VZe'{x,t)))dx 
J B^ 



< \\z,{t) - zAmiBWdtZeit) - dtZ,>{t))\\l3 + Je 
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Then from ( 12011 . is estimated as follows. 



J, = / {z^{x,t) - Ze'{x,t))V{B{x){Vz^{x,t) -Vz^,{x,t)))dx 



{ze{x,t) — z^/{x,t)){AZf:{x,t) — Az^/{x,t))B{x)dx 

Be 

+ / {z^{x,t) - z^ix,t)) ■ {Vzeix,t) -Vze'{x,t))Bix)dx 

Jb, 0" 

{Zf:{x,t) — z^'{x,t)){dtZf:{x,t) — dtz^i{x,t))B{x)dx 

Be 

+ / {z^{x,t) — Z^i{x,t)) [ ■ VZe{x,t) — ■ VZe'(x,t) ) B{x)dx 

Of Oft 



Be 



+ I {Z(:{x,t) — Zf'{x,t)) ■ {V Ze{x,t) — V Ze'{x,t))B{x)dx 

JBe cr 



< \\z,{t) - z,,{t)\\B\\dtz,{t) - dtz,,{t)\\i3 

+c||z,(t)-v(t)||oo(||Vze(i)llB + ||Vz,/(t)||B) (^y^ \x\-^Bix)dxj . 

As a consequence, by virtue of we obtain 

lim = uniformly for t E [0, to) 
with any fixed to > 0. This implies 

lim / \V Ze{x,t) — V Zf'{x,t)\'^a{x)'^dx = uniformly for t G [0, to) 

e,e'-S>oo J^n 

with any fixed to > 0. Finally we verify a conservation in Lg. Let s^{C) be a nondecreasing smooth 

function such that s^(C) = if C < 0, s^(C) = 1 if C > 2/u and |s^(C)| < c//i. Set S'^(C) = /o^ •5^t('2)c^a• 
Then since G Ci([0, oo); L^J n C([0, oo); i^^J, we get for < e' < e 

dt [ S^iz, - zMxfB{x)dx = - [ {Vz, - Vv) • V {s^{z, - z,>)e,{xf) B{x)dx 

<2 f |Vze - Vz,:\\Ve,\B{x)dx 

< c||Vze - Vze'lls (^e"^y S{x)dx^ 
Therefore integrating both sides and taking /x — t- 0, we obtain 

||(z,(t)-v(i))+llumni3.) <cfe"' / Bix)dx]^ [ \\Vz,{T)-VzAT)\\BdT. 



'Be J Jo 

Since estimates of (z^ — z^i)- is derived by the same way, we obtain 



r \l/2 rt 

\z,{t) - zAt)\\LUR-ABe) < ^ { B{x)dx) \\Vz,{T)-VzAr)\\BdT. (30) 

JBe J Jo 
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Since fj^„ z^{x,t)Be{x)dx = /p„ ZQ[x)Be{x)dx, by using (p3]) . (p9|) - ([30]) and 27 < (n — 2), we find 
that -Zej.(t) converges to in C([0, to]; -^g) and it satisfies z{x,t)B{x)dx = 2;o(x);S(x)da;. 
Therefore from above a priori estimates, this hmiting function z(x, t) is assumed to be 

z{x, t) G C{[0, 00); n L|) n ^^(O, oo); L|) n C([0, oo); i?^). 

Furthermore it solves 

'(zt(t),c)B = (Vz(t),vc)B, vcgC,~(1;), t>o, 

^(0) = 20- 

Since z in C^([0, to]; ^1) n C([0, to]; ifg) for any fixed to, by using ([Ml) and ([27D, we see that 

IkWIle + Vi\\Vzit)\\s + t||atz(t)||B < c||zo||b. 

Since X = {( e C^{W^); 9j,C = on dM.^} is dense in L| n Lg, by a density argument, we obtain the 
conclusion. □ 

We define a semigroup e"^"*: — )• Lg by e'^^^zo = -^Ct), where z{t) is a unique solution of (fTUj) 
given in Lemma 14.31 Now we construct the heat kernel of ()19p (see e.g. Theorem 7.7 and Theorem 
7.13 in [6]) First we provide fundamental properties of e^°*. 

Lemma 4.4. Let e^°* : Lg — ?• Lg 6e a semigroup defined above. Then there exists v > such that 

(i) ||e^"*2;o||B < \\zo\\b for t > 0, 

(ii) ||e^"*zo||oo < ct-^/2 1 1 11^^ for t > 0, 

(iii) ||e^o*zo||oo < ct-^/^||zo||B for t > 0. 

Furthermore let z{x,t) = {e'^°^Zo){x) and zq G Lg. T/ien it /loWs that 

z{x, t) e C^'^iWl \ {0} X (0, 00)). (31) 

Proof. By Lemma 14.31 '^e note that 5t||u(t)||g = — 2||Vn(t)||g. This implies (i). Next we will show 
(ii). We recall the Caffarelli-Kohn-Nirenberg inequality: 

lll^l '"IL'-(M!j:) - "^lll^l I^^IILp(r^)III^I^^IIl'j(M!J:)' (^^) 

where p,q > 1, r > 0, < a < 1, m = aa + {1 — a) [3 and 

la 1/3 1 m 

- + ->0, - + ->0, - + — >0, 

p n q n r n 

1 m /I a-l\ , , /I p 

- + — = a - + + 1 - a - + - 

r n \p 71/ \q n 

a-(T>0 ifa>0, 

1 m 1 a — 1 

a-(T<l ifa>0, -H = -H . 

r n p n 

Here we recall that B{x) ~ Then by using the Caffarelli-Kohn-Nirenberg inequality with 

m = a = —7, /? = —27, r = p = 2, q = 1, we get 

IkllB <c||Vz||g||z||i7° 
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for some a G (0, 1). Therefore from Theorem 4.1.1 in [22], we obtain 
where v/2 = a/(l — a), which shows (ii). As a consequence, it holds that 

Since e"^"* is a bounded self-adjoint operator on Lg, by the duality, we obtain (iii). Since a{x) is 
positive and smooth on W]_ \ {0}, by virtue of (ii), a local regularity theory for parabolic equations 
implies □ 

Following p.p. 198-200 in [6], we construct the heat kernel of (jlSp . By virtue of ()3ip . for any 
fixed t > and x G IR4., the mapping zq i— )■ (e'^"*2o)(3;): -^^g — ?• K becomes a bounded linear operator. 
Therefore by the Riesz representation theorem, there exists Pt,x{C) ^ such that 

Then it is verified that 

PtAO > 0, pt,x G i>B, llpt.xIL^ = 1, x G M!^, t > 0. 

Moreover by Lemma 14.41 (ii) , the duality argument shows 

\\pt,x\U<ct-'/^, x€Rl, t>0, 
where c > is a constant independent of x and t. We put 

p{x,C,t) = {Pt/2,xiPt/2,i)B, M'+, t > 0. 

Then from Theorem 7.13 in |^, e'^'^^ZQ is expressed by 

(e^«*zo)(x) = / p(x, e, t)zo{OBi^)d^, xeRl,t>0 

for zq G . Then Lemma 14.31 implies 

e^^^zo e C([0, 00); L|) n CH(0, 00); L|) n C7((0, 00); /?^), zo G L|. 

Lemma 4.5. Let p{x,^,t) be defined above. Then p{-,^,-) G C'^'^(]R" x (0,oo)) satisfies (jlSp /or any 
/ixed ^ G K" . Furthermore for r > and tQ > there exists c(r, to) > such that 

\pt{x,C,t)\ + \VMx,C,t)\ + |Z)2p(3;^^^t)| < c(r,to), |x| > r, ^ e K+, * > ^o- 

Proof. By definition of p(x,^,t), we observe that p{x,^,t) = (e"^°*^^[Pt/2,5(")])(^)- Hence p(-,^, •) 
satisfies (jlSp for any fixed G M". Furthermore from Lemma 14.41 and ||pt/2.5llLi ~ there exists 
Vp> Q and Cp > for p > 2 

Since coefficients Va/a of (jlSp is bounded far from the origin, by a parabolic regularity theory, for 
r > and to > there exists c(r, to) > such that 

\pt{x,i,t)\ + |V^p(x,e,t)| + \Dlp{x,^,t)\ < c(r,to), |x| > r, e e M!^, t > to, 

which completes the proof. □ 
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To apply Theorem 2.7 in [7], we prepare several lemmas. Let 

V{xo,R) = [ B{x)dx. 

JB{xQ,R) 

Lemma 4.6 (Doubling property). There exists c > such that 

y(xo, 2R) < cV{xq, R) for xq G M!^, R> 0. (33) 
Furthermore there exist ci,C2 > such that 

ciii"dxo| + i?)-2^ < V{xQ,R) < C2i?"(|xo| +ii)-2'^. 
Proof. Repeating calculations as in the proof of Proposition 4.1 in [19], we obtain the conclusion. □ 

Here we recall a fundamental result concerning the volume growth (see Lemma 5.2.7 in |22|). 
Lemma 4.7. Assume (j33p . Then there exists c > such that 

V{xi,r) < e'^l^i-^^l/ry^^^^ xi, X2 e Rl, r > 0. 

Lemma 4.8 (Weighted Poincare inequality). There exists c > such that 

inf / |/(x) - C|^i3(x)(i2; < cR^ [ \V f{x)\'^B{x)dx, V/ G ^^(^(xo, fi)). 

i^^JB{xo,R) Jb[xo,R) 

Proof. The proof follows from Proposition 4.3 in ^] with a slight modification. □ 
Remark 4.1. R is known that 

inf/" |/(x)-eP^(x)dx= /" |/(x)-/av(x)|2^(x)dx, V/GCi(5(xo,i?)), 

i^^JB{xo,R) JB{xo,R) 

where fa.vix) is the average of f{x) on B{xo,R). 

Therefore Theorem 2.7 in [7] implies the following the heat kernel estimates. 

exp < p(x, t) < 7=- exp . (34) 



Vix,Vt) t y ^ V{x,Vt) "^V t 

Applying Lemma HrUl -Lemma l4.7l to (^^, we obtain the desired lower and upper estimates of p(x, t). 
Lemma 4.9. Let k^{£^,t) = (|^| + y/tY' . Then there exist Ci {i = 1,2,3,4) such that 

\„,o exp < p(x,e,t) < C2 exp 



Furthermore it is known that C4 in Lemma 14.91 can be chosen arbitrarily close to 1/4 (see (5.2.17) 
and Theorem 5.3.3 in [22]), which is stated as follows. 

Lemma 4.10. Let k^{x,t) he as in Lemma H.di For any e > there exists q > such that 

p{x,i,t) < c, ' exp ' 



tn/2 j-^y 4(l + e)t 
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4.2 Backward type linear parabolic equations 

In this subsection, we study the backward type hnear parabohc equations. 

6, = ^div (CV6) , (y, s) GM!^ X (0,oo), 



dub = 0, (y, s) G dW% x (0, oo), (35) 

b{y,0) = bo{y), y € dR^, 

where 

C{y) = (y{yfp{y)- 

Here we introduce suitable functional spaces related to ([35]) . Set 

Ll = \h^Ll^{Wl)- ! \b{y)Y'C{y)dy\ , = {b e Ll;Vb e L^} . 

Let be the dual space of and define a operator Aq- D{Ao) — )• with D{Ao) = Hq by 

H*{Aob,ri)Hc ■■= -(V6,V??)c. 

In the same manner as before, e'^^^bo defines a semigroup on Lq. Then it is verified that e'^''^ is 
symmetric on L^, that is 

{e^''bi,b2)c = {bi,e^''b2)c, b^M ^ t > 0. (36) 
To obtain the heat kernel of ([35]), we change variables. 

z(rE,t) = 6((l-t)-V2^,-log(l-t)). 

Then z{x,t) satisfies pSj) with the initial data zo{x) = bQ{x). Since z{x,t) is given by 

z{x,t)= [ p{x,tt)bo{mm, 

by using x = e~^/'^y and t = \ — e~^, we see that 

ie^'^%)iy) = z(e-^/'y,l-e-^)= [ eiy,^, s)boimOdC, 

\ / /ran 



where G(?/,^, s) is given by 

e{y,^,s)=p(e-'/^y,^,l-e- 



Then from Lemma Ol we find that e(-, •) G C^'^iW^ x (0, oo)) satisfies ([35]) for any fixed ^ G M![. 
Furthermore from Lemma 14.51 for any r and sq G (0, 1) there exists c(r, sq) > such that 

\Qsiy, C,s)\ + I V,e(y, e, s)| + |I)2e(y, e, s)| < c(r, 5o)(l + |y|) (37) 

for |y| > r, ^ G M" , sq < s < Sq^ . Moreover by virtue of (|36|) . it holds that 

e{y,ts)e-\y\'/' = eiC,y,s)e-\^\'/\ (38) 
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Next we consider non-homogeneous problems. 

bs = ^div (C V6) , (y , s) G M!^ X (0, oo) , 

d,b = f{y\ s), (y', s) G dW^ x (0, oo), (39) 

[6(y,0) = 0, yedRl. 

Let s' > and assume f{y',s) G BC{dWl x [0, s')). Furthermore let b{y,s) G SC(1^ x [0,s')) n 
i?C^'^(M!f: X [e, s')) for any e > be a classical solution of (f39|) . We denote by a cut off function 
such that 6e{y) = if \y\ < e, 6'e(y) = 1 if \y\ > 2e and |D*6'e(y)| < ce"' (i = 1, 2). Here we put 

A'{y, s, r) = el^l'/^ / e(M, y, s - r)e,(//)6(^, T)C{fi)dfi, 0<t<s. 

From (j37p . we find that ^"^(y, s, r) is differentiable with respect to r for < r < s and it satisfies 
Al{y,s,r) = -e\y\'/^ [ e,if,,y, s - T)9,{i^)b{i^,T)C{i^)dfi 

+el^l'/4 [ Q{fi,y,s-T)e,{ij)bs{fi,T)C{fi)d^L 



for < T < s and y G M". Then since G(-,y, •) satisfies ([35]) for any fixed y G M", by using d^O^ = 
on , we see that 

/ Qs{fJ;y,s - T)9^bCdfi = - Vf_,Q{fi,y,s -t) ■V{d^b)Cdfi 

= -/ @{fx',y,s -T)9efifJ.',T)Cdfi' + @{fj,,y,s - T)9^bsCdfi 

JdR^l JRI 

+ j e{fi, y,s-T) (^2Ve, ■ Vb + (^A9, + cdfi. 
Here we denote the last term by Re{y, s, r). Integrating over {6, s — 6) both sides, we get 
A'{y,s,s-5) = A'{y,s,6) + e\y\"/^l r ' dr [ e{fi' ,y, s - T)ej Cd^t' 

- Reiy,S,T)dT^ . 

Then since C{fi) ~ 1/^*1"^'*^ for |y| < 1, we see that 



(40) 



< c sup ||6(-,T)||H/i,-(Rn) / l\ve,\ + \Ae, 

S<T<s-5 + JB2e \ 



<c sup ||6(.,r)||H.i.oo(Mn)(e-2.e"-2T' + 6-i.e"-i-2,^ 

5<T<s-5 

Hence since 6(y, s) G BC'^'^(R+ x (5, s)) and 27 < n — 2, it holds that 



ps—o 

lim / RAy, s, T)dT = for any 5 > 0. 

Therefore since 6(y,s) G BC(S^ x [0,s')) and /(y',s) G SC(9]R!^ x [0,s')), by taking e ^ in (00]), 
we obtain ^ 

^(y, s - 5) = A(y, s, 5) + els'l'/^ f dr [ e(/i', y, s - r)/C(i^/ 



18 



for any fixed 6 > 0, where A{y, s, r) is defined by 

A{y, s, t) = e\y\"l^ [ e{fi, y, s - T)b{fi, T)C{^l)d^i. 

Here from ()38p . we note that 

A{y,s,s-5)= [ e{y,fi,6)b{^i,s - 6)B{tJ,)dfi = e^^b{s - 6). 

Furthermore we recah that b{y,0) = 0. Therefore since b(y,s) £ BC{W^ x [0, s')) and b{y',s) £ 
BC{dWl X [0, s')), we take 5 ^ to obtain 

Ky^s)= dr @{y,fi',s-T)f{fi',T)B{^i')dfi'. 







Summing up the above facts, we obtain the Duhamel principle for solution of (j39p . 

Proposition 4.1. Let f{y, s) G BC{dR'^ x [0, s') and b{y, s) be a solution of (p9]) with b{y, 0) = bQ{y). 
Then if b{y, s) G 5C(1^ x [0, s')) D SC2'i(R^ x [e, s')) for any e>0, it is expressed by 

5(y, s)= [ Qiy, ^, s)bo{mm + T dr [ e{y, C', s - r)f{e, r)B{Odi' . 
Jwi Jo jaM? 



Furthermore it holds that 



(1 _ e-^)n/2 ^ 6(1 - e-^) J ■ 

Proof. The Duhamel principle follows from the above argument. Furthermore by using Lemma 14.101 
with e = 1/2, then we obtain the upper bound of @{y, C,s). □ 

Finally we provide the L°°-L? type estimate for solutions of (|35|) . 

Lemma 4.11. There exists c > such that 



Proof. Put ri = \/7 / {^/^ — \/6)- Then a direct computation shows that 



6 - 7 

From Proposition 14.1 1 we observe that 



'"'^'^ > ^ for \i\ > ri, |y| < e^/\ (41) 



+j ■jG{y,c,s)bomim- (42) 



By the Schwarz inequality, the first integral is estimated by 

£ e{y,C,s)bo{OmdC< Q{y,^,s)^B{Od^^ ' {J\o{vfB(^i)di ' 
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Here we note that < c|^| ^'^ and Vl — e * < 1. Therefore Proposition 14.11 imphes 

- (l-e--)" io 

Since 7 < (n — 2)/2, we obtain 

''e(y,e,s)2e(eK< 







(l-e 

Furthermore it holds from B{^) = el^l^/^C(^) that 



2 
1 

^0 



ri 



Therefore we obtain 

cll^oiic 







(1 - e-*)"/2' 

Next we estimate the second integral in ()42p . By ()4ip . we note that 



exp 



<exp -— ^— - <e-l«l'/^ 



6(1 - e-^) / - ' \ e-'*), 
for 1^1 > ri and \y\ < e**/^. Therefore since 1/7 = 1/8 + 1/56, by the Schwarz inequality, we see that 



< C 



1/2 



(1 - e-^)"/2 

Since Vl — < 1 and C(^) = e^l^l^/'^;B(^), we conclude 

/oo r / f°° \ 

e(y,e,s)6omeK < (/ (iei + i)'^ier'^e-i«i'/28dej iifeoiic 

^ cll^ollc 
~ (1 - e-*)"/2' 

Thus the proof is completed. □ 

5 Functional setting 

In this section, we introduce a functional space for a fixed point theorem and provide fundamental 
estimates for Section [6l- Section [8j Here we use the same transformation as in Section 14.11 

b{y,s) = ^y,s)/a{y), 
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where a{y) is a function given at the beginning of Section ICT Then b{y, s) satisfies 

1 ( ^ — Tfl\ 

bs = -ViCVb)+ {y,s)eWlx{si,oo), 

\b{y, si) = bi{y) := <l>o(y)/a(y), y G Rl, 
where we replaced the initial time st by si. We recall that /C = (7V^|gZ^/2 

/(cD) = (cD + ;7oo)^-t/^-/Cr-i<D. (44) 



Let e-^* be the semigroup of (j43p with replaced its boundary condition by zero Neumann boundary 
condition. Therefore e-^^'^"'^^^ is written by 



where e*^"^* is the semigroup defined in Section 14.21 Furthermore by Proposition 14. H b{y,s) is 
expressed by 

b{y, s) = e-^^'-'^hi + r e^(^-^)F(r)dT, (45) 

J SI 

where F{C,s) = /($(^, s))/ct(^') and 



with r(y, s) = e^^-"^>/^e{y, «)• 

Here we prepare notations for convenience. Throughout this section, we fix ^ G N such that Xu > 
and put 

A* = Ai£, Lo = A7(7 - m) > 0. 

Let ka = a~('''~"*)/™fci be defined in Theorem 13.11 (iv) and cn be defined in Lemma lA.li We choose 
a > such that 



K = e'^'^ (0<a<l), max<j-^,;i[><a<l/2. 



We fix K > and cj G (0, 1/2) such that 

1 V may: < 

2A* + 1' 2g 

Moreover we fix iJ E (0,i^) and q G (0, 1/2) such that 

fj^^a'ujs^ (o<a'<a), a<g<l/2. 

Here we do not give an explicit form of a'. The constant a' will be chosen sufficiently small in 
Section [5]- Section [8] to obtain the desired estimates. To apply a fixed point theorem, we define a 
suitable functional space. Let cu > be defined in Lemma I A. II and put eo = ci^/4. Furthermore let 
n^o = m'o{q,n) be a constant given in ([8T|l . We define 

ip{y, s) < U^{y) for r < Ke"'^'^, 

k{y,s)-Uoo{y) + e-^''cl)u{y)\ < eoe-^*'ei{9) {r-^ + r^^*-"') iov r e {Ke-^^ e'^'), (46) 
\(f{y, s)\ < moUooiy) for r > e''". 
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Then from Lemma lA.ll we recall that = (1 + o{l))ci£ei{9)r for r <^ 1. Hence if ip{y,s) 

satisfies (06]) for si < s < S2, then it holds that 



-X*s 



-X*s 



3^ '-' g 
^ — cueiiey^'^ < ip{y,s) - Uoo{y) < ^ci£ei(6l)r~^ 

for r = Ke~'^'^ and si < s < ■S2- We will construct a solution s) of ()12p which belongs to 

^s-^,s2 = {'/'(j')^) £ ^(M!}: X [si,S2]);<^(y,s) satisfies (US]) for s G (si,S2)|. 

For simplicity, we define 11 C by 

n = {(i,j) GN2; \ij<\*]. 
To construct such a solution, we define (p^iyjSi) by 



e'*^M C/oo(y)-e~[/«(e^^^2/)+ J] d,,cl>,,{y) 
\ (*,i)6n ^ 

if < r < He-'^^^ , 

V (j,j)en ^ 



(47) 



+ (e'^'^r-Hje~^*'^cbu{y)j \i He^'^'' < r < {H + l)e~'^'\, 
bu{y) if {H + l)e~'^'' < r < e(^'\ 



e^^^) (^00(2/) + Yl d^j(^ij(y)) + e^^*'' + 1 - 

(i,i)6n 

if e^'^i < r < e^'^i + 1, 

e^*^^ f/oo(y) + '^iJ'I'viy) I if ^ > e'''' + 1- 

\ {*,i)en / 

Throughout this paper, we denote (p}{y, si) by (l)}{y) ^or simplicity. We choose the initial data ip{y, si) 
as 

ip{y,si) -Uooiy) = J2 dij^ijiy) - ^~^'''^^iiy)■ 
Then by definition of (p^, we easily see that (p{y,si) € BC(W^). From now, we denote by ip{y,s) a 
classical solution of p2|) with the initial data <p{y,si) and set 

s) = f{y, s) - Uoo{y), b{y, s) = s)/a{y). 
Furthermore for simplicity of notations, we put 

C^max = max \dij\. 

(i,i)6n 
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5.1 Fixed point theorem 

Since ei{6) is strictly positive on and Xij < X* for G IT, from Lemma [A. H there exists ci > 
such that 



\2\*-m. 



for y G Rl. 



\<l^i,{y)\<cie,{e)(\y\-'y + \y 
(*j)en 

Here we fix ei = eo/2ci. Let N be the number of elements of H and define 

For the case Us-^,S2 ¥^ 0) we define an operator P: Us-^,S2 ~^ by 

Pij{d;s2) = {tp{s2),(t)ij)p for G li. 



(48) 



(49) 



By the continuous dependence on the initial data, we find Us-^^S2 is ^ open set in M^. Furthermore 
by definition of t/si,s2) it holds that C/si,s^ ^si,s2 if -52 < •S2. Now we will see that Pij{d;s2) can 
be defined on Usi,s2 and Pij G C(C/si,s2)- Iii feet {djjjgN C f/si,s2 be a sequence converging to 
G 9C/si,s2- -L^t V'i(y) -s) and <^*(y) s) be a solution corresponding to d = and d = d*, respectively. 
Then since ipj{y, s) G ^51,521 by using Lemma [531 we easily see that for si < s < S2 



UfS(s) 

Uooiy) 
moUooiy) 



for |y| < Ke^'^'^, 
{y) + eoe-^*"ei(e) (r^^ + r^^*"™) for Ke""^" < |y| < e° 

for |y| > e'^^ . 



(50) 



Therefore by the continuous dependence on the initial data and the unique solvability of solutions, 
if^{y,s) turns out to be defined on s G (si,S2) and satisfies ([50|) with replaced '<' by '<'. As a 
consequence, Pij{d;s2) can be defined for d G dUs-i^,s2- Furthermore we easily see that Pij{d;s2) G 
^(^si,s2)- To apply a fixed point theorem, the following proposition plays a crucial role. 

Proposition 5.1. There exists si > such that if P{d;s2) = with d G Usi,s2 ^ for S2 > si, then 
it holds that for si < s < S2 



ip{y,s) < Up(^s){y) 

^(y, s) - Uooiy) + e"^*'(/'w(y) 
1 + 3m,o \ 



\'p{y,s)\ < 



Uooiy) 



for r < Ke-'^'\ 
'die) i^r-^' + r^^*-™) for r G (i^'e-'^^ t 

for r > e"^^, 



where /3(s) = (^qc'^^^ and /3q > a is a constant given in Lemma 15.51 

Proof. This proposition follows from Lemma [5. 5 [ Proposition [6rTl Prop osit ion 1 7. ll - l 7 . 3 1 and Proposition 



As a consequence, we obtain the following main result. 

Proposition 5.2. Let si > be as in Proposition 15.11 Then there exists d* G {d G M^; \d\ < ei} 

such that a solution ipiy,s) corresponding to d = d* is defined on (si,oo) and satisfies fiy,s) G ^sj.sj 
for any S2 > Si. 
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To show the above proposition, we prepare several lemmas. Here we put 

Dsi,s2 = {{d,s); d£Us-,,s, si < s < S2} , Ds-,,s2[s] = {d; (d, s) G L>si,s2} • 

Then it is clear that L'sj,s2[s] = C/si,s- Here we will see that Ds^^s2 is a open set in x (si,S2). In 
fact, let {d, s) € -Dsi,s2- Then by the continuous dependence on the initial data and by the continuity 
of solutions, there exists 5 > such that {d — 6,d + 6) x (s, s + 6) C Ds^^s2- Furthermore since 
Us^,s> C f/si,s if s' > s, it holds that (d — 5,d + 5) x (si,s) C Dg^^g^, which assures the claim. Let P be 
the operator defined by (j49p . Then P can be naturally considered as an operator Dg-^^g^ — )• M^. We 
define its map by {d,s) 1 — > P{d,s). Then we find that P : Dg^^g^ — )• is continuous. Furthermore 
by the same reason as above, P can be defined on Dg^^g^ and P G C{Dg-^^g^). 

Lemma 5.1. Let si > 6e given in Proposition l5.ll and Ug^^g^ 7^ 0. Then P{d; r) = has no solutions 
on dUg^^r for any r G [^1,52]. 

Proof. Let P(do; t) = and ip{y, s) be a solution corresponding io d = do. Then from Proposition 15. H 
we see that ^{y, s) satisfies estimates given in Proposition 15.11 with replaced S2 by r. Hence if \d' — do] 
is small enough, a solution corresponding to d = d' belongs to ^si,t- Furthermore from Lemma ETTJ 
we note that \d\ < ei. Therefore it follows that do G Ug-^^r- Thus the proof is completed. □ 

Lemma 5.2. Let si > 6e given in Proposition 15.11 Then ifUg^^g^ 7^ for some S2 > si, then there 
exists d G Ug^^^g^ such that P{d; S2) = 0. 

Proof. We recall that P: Dgi,g2 is continuous and P{d;T) = has no solutions on dDg-^^g^[T] 

for any r G [si,S2] (see Lemma [5T|) . Then we can define deg{P{d;T), Dg^^g^[T],0) for r G [si,S2]- By 
the homotopy invariance property (see Theorem 2.2.4 [IB]), we get 

deg(P(d; S2), Dg,,g,[s2],0) = deg(P(d; si), 0). 

Since Dg^^^g^ [s] = Ug^^^g, this implies deg{P{d; S2), Ug^^^g^jO) = deg{P{d; si), i/si.sn 0). Here we recall that 

= eo/2ci. Then from Lemma 15.41 and Lemma 15.51 we find that Ug-^^g-^ = {d G M^; \d\ 
Furthermore by definition of ip{y,si), it holds that for {i,j) G H 

Pij{d;si) = dij - {e~^''''''(j)},(j)ij)p = dij - e'^'"^ {(j)} - (t)uAij)p- 

Then it follows from Lemma 15.91 that 

\Pij{d-,si)-dij\<ce-^^'^^^'\ 

This implies \P{d; si)—ld{d)\ < ce~^^ Hence by the homotopy invariance property (see Theorem 

2.1.2 (2) [E]), we obtain 

deg(P(d;s2),i7,,,,„0) = deg(P(d;si),f/,,,,,,0) =deg(Id,5ei,0), 

where B^^ = {d G M^; \d\ < ei}. Therefore there exists d G Ug-^^g^ such that P{d;s2) = 0, which 
completes the proof. □ 

Lemma 5.3. Let si > be given in Proposition 15.11 Then it holds that Ug-^^g^ 7^ for any S2 > si- 

Proof. Fix S2> si. Since ip{y, si) satisfies estimates given in Lemma r5.4l by the continuous dependence 
on the initial data, there exists (5 > such that Ug^^g^j^s = {d G M^; \d\ < eie"'*' '^^}. Now we define 

s* = sup{s > Si; Ugj^^s / 0} . 

Suppose s* < S2. Then there exists a sequence {rj jjgi^ C (si, s*) such that Tj — )• s* and Ug-^^rj / 0- By 
Lemma [5121 there exists dj G t^si.rj such that P{dj,Tj) = 0. Let ipj{y, s) be a solution corresponding to 
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d = dj. Then from Proposition l5.ll fj{y, s) satisfies estimates given in Proposition 15 . 1 1 with replaced ,52 
by Tj. Hence by a parabohc regularity theory, we see that (pj{y, s) converges to some function ^p*{y, s) 
satisfying estimates given in Proposition 15.11 with replaced 52 by s* and with replaced '<' by '<'. Then 
by the continuity of ip*{y,s) in time, we find that there exists 5 > such that {p*{y,s) G Asj^^s*^^. 
However this contradicts the assumption, which completes the proof. □ 

Proof of Proposition 15.21 Let si > be given in Proposition 15.11 and put tj = si+j. Then Lemma 
15.31 implies C^si,tj 7^ 0- Therefore from Lemma 15.21 there exists dj G t/si.r, such that P{dj\Tj) = 0. 
We denote by ipj{y,s) a solution corresponding to d = dj. Then from Proposition 15.11 there exist a 
limiting function (p*{y, s) G C(M" x [si, oo)) and a subsequence {(ijljgpj which is denoted by the same 
symbol such that ipj{y, s) — t- (p*{y, s) uniformly on any compact set in M" x [si, oo). Then this (p*{y, s) 
turns out to be the desired solution satisfying estimates given in Proposition 15.11 with replaced S2 by 
oo. Therefore the proof is completed. □ 

Proof of Theorem II. IL Let si and f{y, s) be given in Proposition 15.21 Here we recall that Up{y) < 
f7^(0) = /3 for y G M". Therefore by Proposition 15.21 we see that 

^{y,s) < < = /Joe'""^ for \y\ < Ke-^' . 

Furthermore by using < cdyl""^ + (see Lemma lA.ip and A* = (7 — m)uj, we get 

V{y.s) < ^^(y) + ce-^*^f|y|-7 + |y|2A*— ^ 



j^—i^rauis fQj. Ke-""' < |y| < 1, 

^-aras^-{l-2a)\''s f^j. 1 < |y| < (f'. 



Finally we provide estimates in the range \y\ > e^^. Then Proposition 15.21 implies 

ip{y, s) < cr-'"" < ce-"^"' for \y\ > e"' . 
As a consequence, we conclude 

Furthermore from (|47p and A* = (7 — rn)oj, we obtain 

||v5(s)||oo > v{y,s)\\y\=Ke-'^ > C/qo (l/) " ce"^**ei (6')r-^ 

Since K ^ 1, from the above estimates, there exist ci > and C2 > such that 

Cle'"-^<||(/p(s)|U<C2e"^"^ 
which completes the proof. □ 

5.2 Fundamental estimates 

Lemma 5.4. There exists a continuous function iy{s) on satisfying lims_j.oo = such that if 
\d\ < eie"'^*^^, then it holds that 

<^>{y,si) = -Uooiy) + e'^'^'^Uaie'^'^y) for < r < He-^'\ 
si) + e-^''^<Pu{y)\ < (z^(si)e-^*^i + cid^ax) ei(e)(r-^ + r^^*"™) 

for He-"^'' < \y\ < e^'\ 
-Uooiy) < Hy,s) < ce-(i-2^')^*^iC/oo(y) for r > e^^^^ 
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Proof. The equality in < r < He^'^^^ follows directly from definition of (/>|. Next we provide the 
estimate in He"'^"^ < r < e^^K We recah that Ua{y) = Uoo{y) - ka{l + o{l))ei{9)r~'^ for r > 1 (see 
Theorem 13. ip and 4>u{y) = cuei{0)r~'^ for r ^ 1 (see Lemma lAT]) . Therefore since hc^ — we see 
that 

e-^*^i</>| = (F + l-e'^^^r) j A:,(l + o(l))e-^*^iei(0)r-^+ ^ di.^^j 

\ (',i)6n 

^(e'^^ir - H)cu{l + o{l))e~^* ei{9)r^^ 

= cu{l + o(l))e-^*^^ei(0)r"^ + {H + I - e'^'^r) j ^ d,j^^, 

\(ij)en 

for He~'^'^^ < r < {H + l)e~'^*i. Furthermore by definition of it follow that e~^*^'^(f>l = e~'^*^^(j)u 
for [H + l)e"'^^i < r < e^'*!. Therefore since $(y,si) = I](ij)en ^^i'/'u ~ e"'^**i</)^, by using (08]), 
we obtain the estimate in He~^^^ < r < e^*^. Finally we consider the region in r > e^^^. Since 
ip{y, si) = C/oo + Z](ij)en (^ij^'ij - e'^'^^cj)}, we see that 

<f{y, si) = (1 - r + e^^i) C/oo + rf*j<^ij - e-^*"i(^i^ 

\ (ij)6n 

for e^"*! < r < e^^^i + 1. Then since (pijiy) ~ r^^*-* ™ for r ^ 1 (see Lemma |ATJ) . we observe that 
(^~^*'' T,(i,j)eui\(t>ij\ + \M) < ce-(^-2^?)^*^ir-™ for e^'^ <r < e^'^ + 1. Therefore since 0< q< 1/2, 
we get if \d\ < eie~'^**i 



for e^*i < r < e^^^ + 1. Furthermore by definition of (j)'^, we find (/?(?/, si) = for r > e^*^ + 1. 
Combining these estimates, we obtain the estimates in r > e^^^ , which completes the proof. □ 

Lemma 5.5. There exist (Sq > a and sq > such that if si > sq, \d\ < eie"'^*'*^ and ip{y,s) G As^^s2j 
then it holds that for s € (si, S2) 

^iy,s)<Uf,^,){y) iir<Ke-^' 

with /3{s) = /3oe'^'. 

Proof. Since (p{y,s) G ^si,s2> we recall from ([T7|) that 

¥^(^,5) < ;7oo(y) —cuei{e)r~'' for |y| = iTe"'^", si < s < S2- (51) 

Furthermore since e'^^'^'^Uaie'^^^y) = Uai{y) with ai = ae"^^^^ (see Theorem 13. ip . Lemma l5 .41 implies 

ip{y,si) = Uady) iovr<He~^'^ 



with ai = ae™'^'^^. Since (j)ii{y) = ci^(l + o(l))ei(^)r for r (see Lemma lA.ip . from Lemma [57 
we see that ^{y,si) < Uoo{y) + e-^'^^{-cu + o(l) + v{si) + ci(imaxe^**0ei(6')r"^ for i^e^^^i < r < 
'pj^gj^ since < eie"''**''^ with ei = ci^/8ci, there exists sq > such that if si > sq, then it 
holds that 

^{y, s) < t/00 (y) - ^^cuei {e)r-' for Fe-'^^^ < r < Ke"'^^! . 

We fix /?' > a such that A;^/ < ka/2 (see Theorem 13.11 (iv)). Then = ci£, there exists Sq > 

such that if s > si > Sg 

e^'^'Upie^'y) > U^{y) - ^^cuei{e)r-^ for r > /i'e-'^^ (52) 



26 



Put j3i = Then from Theorem EU we observe that e™'^^iC//3(e'^^iy) = Ufs^{y). Since /3i > ai, 

Theorem 13.11 imphes Up-^{y) > Uai{y) for y G M", which imphes 

^{y,si) < UpM for \y\ < Ke-^'\ (53) 

Here we put Z{y,s) = Up(^s-^{y) with j3{s) = From Theorem 13.1 1, we note that 5sC/g(5)(y) > 

for (y, s) G x (si, oo). Furthermore we put A(e) = 1 + e, then we get from Theorem 13.11 

5ef/A(.)(?/) = (A(e)[/i (A(e)V-y)) = U, (a^^^) + ^y . (Vt/i) (AiZ-y) . 

Since deU\^^^{y) > for y G taking e = 0, we find 

y -VUiiy) + mUi{y) >0 for y G M" . 

Since Ua{y) = aUi{a^/'^y), Ua{y) also satisfies the above inequahty for any a > 0. Therefore it holds 
that 

{V ITl 
Zs-AZ + y VZ+—Z > for {y,s) eW^x (si,oo), 
d^Z = Z'i for (y, s) G dW\^ x (si, oo). 

Applying a comparison lemma in {(y,s); \y\ < Ke~^^, si < s < S2} with (j5ip -(j53p. we obtain the 
conclusion. □ 

Lemma 5.6. There exists c > such that if \d\ < eie~^*^^ and ip{y, s) G ^<ii,s2; then it holds that for 

Sl < S < S2 

'min{r-'",e--^*^r-T} if r < i^'e-'^^ 
g-A*s^-7 if ^'e-ojs <1, 

g-A*s^2A*-m if 1 < r < e"^*, 

r"™- if r > e'^*. 



|^>(y,s)| < c< 



Proof. By definition of A^j^gj; it is sufficient to show the estimate in |y| < Ke~^'^ . Since s) satisfies 
([13]) and /($) > 0, we observe that dg^ = A$ - | • V<1> - m$ in x (si, 00) and d^^ > Kr~^^ on 
9M!J: X (si,oo). To construct a sub-solution, we put 

C^iy^s) = -Ke~^*^(l)u{y). 

Then it is clear that Cniy, s) satisfies dgCn = A.C,k — f • V^k — mC,^^ in x (si, 00) and Sj^Ck = Kr~^C,K 
on 9M" X (si,oo). Here we will apply a comparison argument in the parabolic cylinder \y\ < ETe"'^*, 
s > Sl. Since ip{y,si) = e'^'^^^Ua{e'^^^y) for r < ife""^*^, by Theorem 13.11 there exists ro > 
such that (/9(y, Sl) > [/oo(y) — 2fcQ,e~'^*''^ei(^)|y|~'^ for e'^'^^ |y| > tq. Furthermore from Lemma l5.4l with 
< eie-^*'*!, it holds that ^>(2/, si) > -(1 + i/(si) + ciei)e~^*''iei(6')|2/|-T for He"'^''^ < \y\ < Ke-'^'K 
Therefore since (t>u{y) = cit{'\. + o{l))ei{9)\y\~'^ for \y\ <C 1 (see Lemma fA.ip . there exists kq > such 
that if K > then it holds that $(?/, si) > Cuiyj^i) foi' rQe~'^'^^ < \y\ < Ke~^^^. Furthermore by 
using (t)u{y) = ci^(l + o{l))ei{0)\y\~'^ for |y| < 1 again, we get 

e-^*^^0i^(y) > ci,(l + o(l))e-^*^^ei(^)|y|-^ 

> cu{l + o{l))e~^''^ei{e) (roe--^i)^(^~'"^ \y\~^ 

= cur^^^-'^\l+o{l))ei{e)\y\-^ for \y\ < r^e'^^K 

Hence there exists ki > such that if k > ki, then it holds that Cft(y) •si) < —Uooiy) fo'^ |y| < toc"'^*^. 
Therefore by the above argument, if k > maxj^o, ^i}, then it holds that 



^iy,si) > Cfi{y,si) for \y\ < Ke' 



-LUSl 
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Next we check boundary conditions on \y\ = Ke for s G [si,S2]. Since ^p{y,s) G ^si,s2 and 
4'ii{y) — + o{l))ei{6)\y\~^ for \y\ <^ 1, there exists K2 > such that if k > K2, then it holds that 

^{y, s) > C^{y, s) on \y\ = i^e"'^", si < s < S2- 

Therefore since <^(y, s), Cft(y, s) G C{[si, S2]; Hp{Bi)), a comparison lemma imphes <^(y,s) > Cuiy^s) 
for |y| < Ke~^^ and si < s < S2 if > maxjKo, ^i, K2}. Since |$(y, s)| < C/oo(y,s) for |y| < Kr~^^ , 
we obtain the conclusion. □ 

As a consequence, a nonlinear term f{^{y,s)) defined in ()44p is estimated as follows. 

Lemma 5.7. There exists c > such that if \d\ < eie~^*'^^ and (p{y, s) G ^cji,s2? then it holds that for 

Sl < S < S2 



\fi^{y,s))\<c{ 



if /Ce^^'* < r < 1, 
if 1 < r < e'^'^, 



g-2A*s^-(m+l)+4A* 



-(m+1) 



if r > e'^^ 



/(a>) < g(g - 1) <^ 



Proo/. By using /($) = + C/qo)^ - - Kr and $ = - [/qo, we verify that 

/($) = q{q - 1) (^^' 1^ {6162^ + (1 - ei^2)f/oo)'"' 0ideid^2) 
Since s) is positive, we get 

(/' i'^^ ~ ^i^2)''^'eideic?02) C/r'$' if 1< g < 2, 
l^j^ ^ ei(i0id^2) + i7oo)''-'$' if g > 2. 

Therefore Lemma 15.61 proves this lemma. 

Lemma 5.8. Let e^^ be defined at the beginning of this section and F{(^') G BC{dW]^). Then it holds 
that 

(e^^F, ??,,)^ = e-^^^'{F, mj)c,d^l for s > 0. 

Furthermore it holds that 

f,B{s+s')p ^ e-^'e^''F for s, s' > 0. 
Proof. By using ()38p . we easily obtain the first formula. Furthermore by using 

/ r(y, s)r(e, z', = r(y, s + s') for z' G s, > 0, 



□ 



we obtain the the second formula. 

Lemma 5.9. There exist c > and 5 > such that if \d\ < e\e~^ '^'^ , then it holds that 



□ 
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Proof. By definition of (/)|, it is easily seen that 



Je^n I 



Here from Theorem 13. 11 we see that 



for He^'^'^ < \y\ < {H + l)e-'^'K 

\ (ij)6n 



Therefore since \(l)ij{y)\ < Cij\y\ for \y\ ^ 1 (see Lemma [A.ip . by using m < 7 < (n — 2)/2 and 
> 1, we obtain 



I 



*i{yr + Myf) p{y)dy < c i + 



(i?/r''" + iyr'^) dy 



Furthermore since |(/>ij(y)| < Q^lyp'^'J for |y| » 1 (see Lemma [A.ip . we see that 



i^Uyf + <^idy?) P{y)dy = c H (e^^''-\y\~^^ + ly^^^-^-) p{y)dy 



< ce 



2A*si 



\y\'^'-^^p{y)dy 



00 



^g2A*si / ^4A--2m+n-lg-rV4^^_ 



Since r4A*-2'»+'^-ie-''V4 < cre-^^'/^ for r > 1, it follows that 



{(t>}{y? + My?) p{y)dy < ce^^*^^ exp 



Therefore by definition of H, it follows that 



< C ( ^n-27g-(n-27)^si ^ g2A*si 



o2£iSi 



Since < a' ^ 1, we obtain the conclusion. 



□ 



Lemma 5.10. There exists 5 > such that for any G there exists Cij > such that if 

ip{y,s) £ yls^^sj, then it holds that 

\iF{s),r]ij)c,aRl\ < Qje-(^*+'')" for si < s < S2. 
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Proof. Since H < K, Lemma 15.71 implies 

'|^/|-m-l+7 if l^'l < iJe-"^^, 



\F{e,T)\<c^ 



e 



From Lemma I A . 1 1 and Lemma lA. 21 there exists niij > such that < nT-iji^ + j^p'**'^ with 

kj > -(7 - "1)72, Hence by using \C{C)\ < c|C'r^'^/o(C')> we get 

re"" roo \ 

Put 2d = (n — 2) — 27. Then since — 1 — 27 — d + (n — 1) = d > 0, we obtain 

/ F{^', s)T]ijC dC' < Cij(/7e-'^")-™-^+""2 ^ gg-2A's(^g-^s)-{7-m)+rf 

J He-'^" Je'^" 
< Cij ^_f/""-2-(7+m)g-(n-2-27)ajSg-A*s ^ ^-{■y-m)+d^-{\* +duj)s _|_ g-2A*s^ ^ 

Therefore since H = e'^^^ with < a' < 1, we obtain the conclusion. □ 

Lemma 5.11. There exist 5 > and c > such that if ip{y,s) E Asi,s2 ^'^^ {^{u^ S2)^(t>ij)p = for 
any {i,j) G H, then it holds that 

d < ce^(^*+'^)'i 
Proof. From ()45p and Lemma 15.81 we get for E H 

Here by definition of f{y, si), we see that 

{bi,Vij)c = {^{si),(pij)p = dij - e~^*''^{(p},<))ij)p. 

This implies for {i,j) € H 

Jsi Jawi 
Then from Lemma 15.101 and A* > \ij for {i,j) G H, we obtain 

r e^^^^^-'Ur [ \Fr]ij\Cd^' < ce-^^*+^>\ 

J SI JdM.1 

Next we estimate {<p*^, 4)ij)p. Since {4>u^4>ij)p = for G H, it holds that 

i<p*e,4>ij)p = {(pl - (pu,(pij)p for (i,j) G H. 
Therefore Lemma 15.91 implies 

\{r„4>ij)p\<ce-''\ 

Thus the proof is completed. □ 
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We divide b{y,s) several parts to estimate each term separately. By definition of b{y,s) 
is rewritten by 



= -e ^''r]u + -e ^*\4>} - (pu, Mpme + Si + S2. 
To provide estimates of (i = 1,2), we consider three cases separately. 

Oshort = {(y,s); Ke-'^' <r < e"' , si < s < si + l} , 
OLong = {{y,sy, Ke'^' < r < s > si + l} , 
OExt = {(y,s); r> Ke"\ s > si} . 

6 Short time estimates 

In this section, we provide the estimate in 

Oshort = {(?/, s); Ke""^' <r< e"' , si < s < si + l} . 

Therefore throughout this section, we always assume {y,s) G Oshort- Furthermore \d\ < eie~^ ^'^ and 
^{y,s) E ^si,s2 also assumed in this section. In this setting, T{y,^,s) is dominated by 
as follows. 

T{y,^,s- si) <e^''~'^'^/^Q{y,^,s- si) for si < s < si + 1. (55) 
Lemma 6.1. Let z>(s) be given in Lemma \5A[ Then there exist 6 > and c > such that 

\Si{y,s)\ < c(^[u{si) + e-'^') e"^'' + d,,,,,) (^1 + |y|2A*-™+7^ Osi^o 

Proof. For simplicity of notations, we put 



tiort ■ 



X = S,/Vl - e-(''-''^\ Y = y/Vl - e-('*-^i), Z = e'^'-'-'^/^y/Vl - e-('*-^i). 
By definition of 99(1/, si), it is easily seen that 

) ^ (56) 

Since 7]ij{y) = (t)ij{y) / CF{y) {a{y) ~ \y\~'^) and |(/>ij(y)| < c{\y\~^ + lyp^'J"™), by using LemmaESl we 
obtain 



Here we used —(7 — m)/2 < Xij < A* (see Lemma IA.2|) . Therefore it is sufficient to estimate the 
first term on the right-hand side in (j56p . which is denoted by 5^ For simplicity, here we denote 
&{y,^,s — si) by 0. Since b{y,si) + e~^ ^^rju = {^{y,si) + ^^ct)ij)/a{y), by Lemma [531 we see 
that 

\S[\< cj^ e • (|er™+^ + e"^*^^) Bdi + c (z^(si)e"^*^^ + d„,ax) 

=: ch + c (^u{si)e-^*'^ + dmax) {h + h) + ch. 
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First we provide tlie estimate of Ii. Since \y\ > Ke si < s < si + 1 and H <^ K, it holds that 
Then we see that 



Since |y|e~'^l^l^ is uniformly bounded on |y| > 0, from \y\ > Ke~'^^, it holds that 

Next we estimate l2- Since s) = e-^°^'^~'^'^^bo is a solution of bs = ^V(CV5) in M.^ x (si, oo), 5^6 = 
on X (si,oo) and b(y,si) = bo{y) in M", we see that 

/2 = / @-Bd^< [ @ ■ Bd^ = e-^°^'-'^h = I. 

Furthermore to calculate I3, we divide it into two parts. 

Jl Jmax{l,2e-(»-=i)/2|j,|} y 

Then Jo is estimated by 



2A*-m.+7 /.max{l,2e-(=-=i)/2|j/|} 



^3 e-=l-l"dj<*|-- 



■m+7 



(1 _ g-(s-si)-)n/2 

Furthermore since |e~(*~*i)/^y — CI > lCl/2 for ICI > max{l,2e-("-"i)/2|y|}, we see that 

(l-e ''1^)''/^ 7max{l,2e-(=~n)/2|j/|} ' 



Since A* > and 7 > m, we find that J" is uniformly bounded. Finally we provide the estimate of I4. 
Since a < g, it holds that \e~^^~^^'^^'^y — > \(,\/2 for |C| > e^^^. Therefore since 7 > m, we see that 

fOO 



I" 00 
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As a consequence, by using r'^ "^"^^ ^'^^ < ere ^'^^ for r > 1, we obtain 
Combining the above estimates, we conclude 

Here we recall that H = e" '^^ and K = e"''^ with a' ^ a. Therefore since si < s < si + 1, we obtain 
the conclusion. □ 

Here we consider a more general form of an integral instead of 52 for a later argument. 

T{y, s) = r dT [ r{y, C', s - T)F{i' ,T)di' , 
Jfj.1 JR^l 

where fii G (si,S2). If we take fii = si, then T{y,s) coincides with S2{y,s). 

Lemma 6.2. There exist 6 > and c > independent of such that if si < < s < + 1, then 
it holds that 

\T{y,s)\ < ce-^''e-^'' (l + for Ke-^' < \y\ < e"^ 



Proof. We divide the integral of T{y, s) into four parts. 



T{y,s)= dri +/ +/ +/ r(y, C', s - r)F(^', t)^^^' 

= : /i + /2 + Is + h. 

For simplicity of notations, we put 

X' = e7\/l-e-(«-^), Y = y/Vl-e~('-^), Z = e'^'-^^/^y/Vl - e^i'^"^). 

Furthermore r is always assumed to be /^i < r < s. Then since /xi < s < + 1, r(y,^,s — r) is 
dominated by Q{y,C, s — r) as ([^^ . First we provide the estimate of Ii. In this case, since H <^ K, 
we find that 

|e-(--)/2y_^'| >c(|y| + |e'|). 

Therefore we get from Lemma 15.71 



Ml 



(l_e-(^-r))n/2 



Then the space integral is estimated by 
Jo 



JO 



{n-2)/2 
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Plugging this estimate into (f57|) . we get 



•'Ml 

Put 2d = (n - 2) - 27 > 0. Then it holds that 



(1 _ e-(s-T))i+rf/2 



1 + ^ 



Here by changing variables as 
we see that 

(1 _ e~(s-r))l+d/2 V^W\) kT+'^ 

< ^^-'^M^l-'^ / , , ^-^/ (1+ ' ^ ' 



Ml 



„ ,^,|2/(i_e-(.-Mi)) Ail-'^/2 ./n V U'l/ 

Since —27 + n — 2 — (i = c?>0, we observe that 







A~d/2 



i + _L < 



00. 



Therefore since |y| > Ke ^'^ and /^i < s < /.fi + 1, by definition of i7 and A', we obtain 



(Tj'y—m+d \ 



A*Mi 



Ce -('^"-{7-"^+'^)a')sig-^>i 



Next we give the estate of l2- Then we divide the integral of I2 into two parts. 



J ,11 yjHe—^ JA\y\J 



Prom Lemma 15.71 we get 

-n27 



^1 ./o (1 - e-(--^))-/2 



(1 - e-(^-^))"/2 

4|j/|/Vl-e-(--) ^ er^\^~''\' dz' 



< c//-(7-™)e-^>i / / {l + \z\-^y 

J^,l- e-(--) Jo V I I ; 

Here we put 
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By changing variables as ([58]) . we see that 



^1 1 - e-(«-) 



Jo 



\z'\ 



We divide the above integral into two parts. 



yiwIVCl-e-f"-"!') Jo \z'\ 
-1 



+ 

min{|j/|2/(l-e-(=-''l)),l} Jmax{|y|2/(l-e-(''-''l)),l} / 



X 

=: A1+A2. 

Since —27 + n — 2 > 0, we see that 

Jo A* Jo Jo 
To estimate A2, we divide the space integral into two parts. Let 

Di = {\z'\<4^; \Y^-z'\>\Y^\/2}, 
D2 = {\z'\ <4^; \Y^-z'\ <|y^|/2}. 

Furthermore we put 

A2{D,)= r ^[ {i + \zr'y'\zr'e-'^''--''^"dz'. 



(60) 



.{|'y|V{l-e-(=-^i'),l} Jd, 

Then it is clear that A2 < ^2(1)1) + A2(L>2)- Here we note that 2\Y^ - z' \ > \Yf,\ > e'^^-^i^/^^ ^j. 
z' e -Di and fi > |yp/(l - e"^""^^^). Therefore A2{Di) is estimated by 

exp (^-ce-(^-^i)^j y (1 + 1/ r^) i^'r^f^^'- 

Since — 27 + n — 2 > and fii < s < fii + 1, we find that A2{Di) is uniformly bounded. Next we 
estimate A2{D2). Then it is easily verified that |y^| < 2\z'\ for z' € D2- Furthermore by definition of 
Yf,, it holds that \Y^\ > e-(^-/^i)/2^ for /i > |y|V(l - e-(^-'^i)). Therefore it holds that 

D2 C {z' G R"-i; e-('^"''i)/2^/2 < |z'| < 4^} for fi > ^r^r^- (61) 

As a consequence, we see that 

A2{D2) < r ^ (l + |z'|-^)'^|z'|-'e-l''''"^'l'd.' 

Jmax{|j/|2/{l-e-(=-^i)),l} JM"-i 

/oo 
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Combining the above inequalities, we obtain 

Next we provide the estimate of I2. Then it is easily verified that \e~^^~'^^^'^y — > c(|y| + |^'|) for 
l^'l > 4|y|. Then since /ii < s < /ii + 1, we see that 

-2A*/ii 



(1 - e-(''-^))(2+7-"^)/2 74|^|/^ i_,-(s-r) V k'ly l^T"'"^'^' 

By changing variables as ()58p . we get 



Here we change the order of integrals. 



00 p—cHf^ii roo / 1 \ 27 



V 

1 + ± 1 m-7+n-3 -cr-^^ / j 

Since —27 + n — 2 > 0, the above integral is finite. Therefore since |y| > Ke~^'^ and /ii < s < /ii + 1, 
we obtain 

As a consequence, we conclude 

h<c{ /^-(t-'") + i^-C-y-H") g-AVi. 



Now we calculate I^. We divide the integral into two parts. 

In the first inequality, we applied Lemma First we estimate Ai. Since = if 4|y| < 1, we 
assume 4\y\ > 1. Then by changing variables as in the estimate of I2, we get 

/"oo r^JV- I ~/|4A*-m+7-l 

< <^yr-^- / .d, r '.....-^w, e-i"--'i^rf.-, 



|2/(i_e-(.-Mi)) Jo /il+(4A*+7— )/2 



36 



where is given by dSS])- Since A\y\ > 1, we note that |y|V(l - e"^""''^^) > 1/16. Therefore it holds 
that 

' ' A/16 Jo ;,l+(4A-+7-m)/2 

To estimate the above integral, we divide it into two parts. 

foo / f I- \ I /|4A*-m+7-l 

- ' ' A/16 VyDi JdJ /.1+(4A*+7— )/2 

=: c|2/r^*+^— (Ai(Di)+^ip2)), 
where -Di and D2 are given by (|6Up . By the same calculation as in the estimate of I2, we see that 

roo f^VT^ I ^/|4A*— ■m+7— 1 fOO 



On the other hand, by using (|61|) . we verify that 

Jl/16 Je-(»-''i)/2^/2 Jl/16 

Therefore since |y| < e'^*, we obtain 

Next we provide the estimate of A2 ■ Here we note that |e-(^-^)y-f | > c\^'\ for |^'| > 4\y\. Therefore 
we see that 



A2 < Hi - e-(^-^))(4^*-'"+^-2)/2dr [ (1 + |z'r') 



Since 7 > ?n and 27 < (n — 2), turns out to be bounded. Thus since /ii < s < /ii + 1, we obtain 

h < Ce-^^'^"^ /g2aA*.|y|2A*-m+7 + iW (.^-{l-2o)X* f,, ^-\* f.^ A |2A*-m+7 ^ {\ ^ 



Finally we provide the estimate of I 4^. We consider two cases (i) \y\ < e°"''/4 and (ii) \y\ > e'^*/4 
separately. For the case (i), it holds that le'^^-^i^/^y _ ^/| > ^d^'l + e'^^) for |^'| > e'^^. Therefore by 
Lemma ISTTl and 7 > m, we get 



exp 



All 

2(TT 



exp 

< c 



ce 



< cexp 



(l-e-(— ))1-(7-™)/2^Vm.-J"' 

(1 - e-(^-Mi)) y (1 _e-(«-^))i-(7-™)/2- 



Since fii < s < + 1 and 7 > m, it follows that 
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Next we consider the case (ii). Then I4 is estimated by 



h < 



n _ o-(s- 



(1 - e-(«-^))('"-7+2)/2 7e.r/^ i_e-(.-.) |z'|'^-7+l 



Ml 

-. i4 + J4 . 



(1 _ e-(--))(™-7+2)/2 y4|y|/yi-e-(--) / 

First we provide the estimate of I'^. 



/•4|vl/A/l-e-(''-^) 



Ml 



n-l 



'Ml \/l - e"(*-^) 

Since |y| > e''V4, it holds that e^"^"'' < 42A* |y|2A*-m,+7_ Therefore we obtain 
Furthermore since |Z — z'\ > c\z'\ for \z'\ > 4\y\/\/l — e~(*~^i), we get 



T" < 
-'4 — 



Ml 



(1 _ e-{s-r))(m-7+2)/2 y^ij^i/^/TZ^TtlZT) |z'|™-7+l 



- (1 - e-(--))(— 7+2)/2 Ai^i/^/TTirtiTTT 1^ I 1^'!--^+^ 



Ml 



- (1 - e-(-^))(-7-l-2A-)/2 J^„^, \' I 

Since |?/| > and /^i < s < /ii + 1, we obtain 

As a consequence, since /ii<s<;Ui + l, we conclude 



By definition of <t, we note that (2A* + l)a > A*. Thus combining the above estimates, we obtain the 
conclusion. □ 



Therefore we obtain the desired estimate in O' 



Short • 
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Proposition 6.1. Let z/(s) be given in Lemma 15.41 Then there exist c > and 6 > such that if 
\d\ < eie"'^*'^^ and ip{y,s) G ^si,s2) then it holds that 

b{y, s) + e-^''mi{y)\ = c [u{si) + d^^^e^'^^ + e"^^^) e"^*^ (l + 

for (y,s) G Oshort- 

Proof. Applying Lemma [5. 91 and Lemma [6.H -Lemma l6.2l to each term in (|54p . we obtain the conclusion. 

□ 

7 Long time estimates 

In this section, we provide the estimate in 

OLong = {{y,sy, Ke-^' < \y\ < e'^^ si + 1< s < ss} ■ 
Throughout this section, we always assume 

99(y,s) G As,,s2, {b{s2),riij)c = for G U. (62) 
We recall that s) is expressed by 

b{s) = e-^^'-''hi + r e^('^-")F(T)dT. (63) 

./ Sl 

Prom {b{s2),r]ij)c = and ([63]) . we easily see that 

e-^^^^''-''Hbi,Vv)c + r{e^^''~^'^F{T),ri,,)cdr = for {i,j) G H. 

J Sl 

Therefore by using e^^^^'^^~^\e'^^^'^~'^^F{T),riij)c = {e'^^'^~'^^ F{T),r]ij)c, (see Lemma ISTSl) . we get 

\ (iJ)en / (ij)en 



e^(-^0 [ft,- ^ (6i,^,,)cr?.,) - if 
\ (ij)6n / (i,i)6n ^-^^1 



'(e^(^--)F(r),7?,,)cdr)7?,,-. 



As a consequence, we obtain from (j63 



6(s) = e-^(^-^i) (bi- E (6i,r?,,)c7?., I + T e^(^--)F(r)dr 
- E (£'(e^(^-^)F(T),r?.,)^dr),?,, 



(ij)6n 



+ 1 r e^i^~-)F{T)dT- E (Te''^'-^^ 



'^F{T)dT,r]ij j r]ij 
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Here We put 
Furthermore we define 

Then it holds that 



n = {(i,i) gN2; < A*}. 

Pb = b- ^ {b,r]ij)cr]ij. 
(«j)6n 



(ij)en 



Lemma 7.1. There exist 5 > and c > stic/i i/iai /or y € and si < s < S2 

-^*^'-''\bi,r,u)cVu + e-^'^^r/i,! < ce-^^^e^^*^ (l + +7 
Proof. Since ||?/i^||c = li we easily see that 

e-^''^'-''\bi,r]u)cVu + e-~^*'mt = e"^*' [e^* '^hi + r]u,Vu) ^Vu- 
Here we recall that bi{y) = ^{y, si)/a{y) = J2{i j)en'^ij''lij ~ ^"^"^^''leiu)- Hence it holds that 

Therefore by Lemma l5.9| we obtain the conclusion. 

Lemma 7.2. There exist (5 > and c > such that for y G W\_ and si < s < S2 



{i,i)6n 

Proof. From Lemma 15.81 we recall that 



-B{S-T 



-Xij (s-t) 



'J'- ' {F{t), 'l]ij)c,dR'l ■ 

Then since ip{y,s) E ^si,s2 ^i^d A^j < A* for G H, we obtain from Lemma lB.lUI 



Furthermore since —(7 — m)/2 < Xij < A* for (i, j) S H, it holds that \r]ij\ < c(l + \y\' 
c(l + \y\'^^''~"^~^'^) for (z, j) G n. Therefore the proof is completed. 

Lemma 7.3. There exist 6 > and c > such that for y G and si < s < S2 
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Proof. By the same way as in the proof of Lemma 17.21 we note that 
Then from Lemma 15.10^ we see that 



{F{T),riu)c,dwidT 



Therefore since |r/i^| < c(l + \y\'^^ ^+7-^^ obtain the conclusion. □ 

To derive the estimates of e-^'^^'^^^ Pbi and -P(/g* e^'^^"'^^ F{T)dT) in ([6l|) . we divide OLong into three 
parts. 



O 



(I) 

Long 



(y,s); Ke-'^' < \y\ < si + 1< s < ^2} , 



0?oig = e^/^ < \y\ < min{e(^-^i)/2,e-}, + 1 < , < , 



{s-si)/2 



, Si + 1 < s < • 



7.1 Long time I 

Here we provide the estimate in 



O'lLs = {(2/'^); < < e ^ ' Sl + 1< S<S2} 

Lemma 7.4. There exist 6 > and c > stic/i that 

Proof. Since ??ij)c = for G H, there exists 6 > such that 



Here we recall that b{y,si) = ^{y,si)/a{y) and = J2{ij)en'^ij't'ij - ^ Then by 

definition of P, we observe that 



v(jJ)6n 



,(ij)6n 



Prom Lemma (|5.9p . there exists 61 > such that — (^i^Hc < ce Therefore we obtain 

Combining the above estimate, we obtain the conclusion. 

To estimate Q{y,s), we prepare the trace inequality for axial symmetric functions. 



□ 
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Lemma 7.5. There exists c > independent ofri,r2 G [0,oo] (ri < and g G C(M) suc/i i/iai 



^•2 



r2 



for any smooth axial symmetric function Q{^) = Qi\£,'\,(,n)- 

Proof. Let g(^) be a smooth axial symmetric function and x(^) be a cut off function such that x(^) = 1 
if 7r/4 < 6* < 7r/2, xC^*) = if < 6* < vr/S. Since (sinS) > sin(7r/8) for vr/S < 6* < 7r/2, we see that 



r-2 



g(r,7r/2)|r""2(ir<y r^'^^dr j de(^x{0)\q{r,e)\^de 
< (1 + llxelloo) / 

Jri 

<c(l+||X0||oo) / 
Jr 



r^'-^dr 



\q{r,e)\ + \qeir,e)\)de 



r'^-^dr 



qir,e)\+\qeir,e)\]{sm9r-^d9. 



Therefore any smooth axial symmetric function g(^) satisfies 

m'm'<c {\deq{0\ + \q{0\)\^\-'dt 

J ri 

where c > is a constant independent of ri,r2 and q{(,)- Here we recall that ci|^|~^'^e~l^l/^ < C(^) < 
C2\C\~'^"'e~^^^^^. Therefore applying the above inequality with q{^) = g{\C\)Q{0\^\~'^'^ using 
\deQ{0\ ^ we obtain the conclusion. □ 



Lemma 7.6. There exist 6 and c > such that 



p(^j\^^'^^^F{T)dT^ 



Proof. Let Q{y^ s) = P{fg^ e^^^ F(T)dT). By definition of Q{y^ 5), we find tliat Q{y^ s) solves 

Qs = fJiCVQ) + f ^-^j Q, {y,s) e X (51,00), 



dyQ = F, 
Q{y,si) = 0, 



{y,s) G dRl X (si,oo), 
y G Wl. 



Multiplying this equation by Q{y, s) and integrating over M" , then we get 

■\\Q\\c = -\\^Q\\c+ I F{C',s)Q{^',s)C{C')d^' 



ld_ 
2ds' 



(65) 



Then since H < K, Lemma 15.71 implies 



\F{C',s)Q{C',s)\Cde < 



He- 



le 



/|-{m+l)+7 



\Q\Cd^' + e 



-2A*s 



1^ 



/I — 1+m— 7 



\Q\CdC' 



+e 



j-e"" POO 

/ \C'\~'-"'+^^+^^'+^\Q\CdC' + / \^'\^^"'+'^^+^\Q\CdS,' 



J1 + J2 + J3 + Ji- 
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By Lemma 17.51 we see that 



Ji < c 



< c 



He- 



(|VQ| + cdC 



He' 



-2{■m+l)+^^- 



livg||c + 



Q_ 



L2(iJi), 



livg||c + 



L2(iJi), 



Since A* = a;(7 — m), we find that cj(n — 2 — 2m) = 2A* + a;(n — 2 — 27). Therefore we obtain 

Jl < c//("-2-2m)/2g-(n-2-27W2g-A*s ^||VQ||c + 

Next we estimate J2. Then by the same way, we see that 



Q_ 



Jo < ce 



< ce 



_^J^|-i+— T (|VQ| + ^) Cde 



~2+2m- 



l|VQ||c + 



Here we put 2(i = (n — 2) — 27 > 0. Then since B{^) ~ |^| '^'^ , we observe that 

-s\-^^l-rn)+d |^|_2_27-d^^ if 2(7 - m) > d, 

|^|_2-27-d^^ 



JHe-'^^ 



if 2(7 -m) <d. 



He- 



Therefore since — 2 — 27 — 2(i = d — n, we obtain 

J2 < C (^i7-(7-"^)+'^/2e-<iW2g-A*s ^ g-2A*s^ ^||VQ||c + 

Furthermore by the same calculation as above, we see that 



Ja < ce 



< ce 



< ce 



-2\*s 



-2A*s 



-2X*s 



-(m+l)+4A*+7 



(■m+l)+4A*+7 



IVQI + 

{\VQ\ + \Q\)CdC 
1/2 



^-2(™+l)+8A*+n-2^(^)^^ (llVgllc + \\Q\\c) 



Finally repeating the above argument, we obtain 



IVQI + cdi 
1/2 



< c / r-2(-+i)p(r)r"-i^ir (||VQ||c + ||Q||c) 



< ce 



-2A*s 



r-2(-+i)+4^'/V(r)r"-idr (||VQ||c + ||Q||c) • 



1/2 
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As a consequence, since H = e"" with < a' ^ 1, by ([66]l - ([69]l . there exists 6 > such that 
/ m',s)Q{C',s)m' < ce-(^+'5)^*^ ( llVQIIc + ||Q||c + 

JdR^ \ 

Let x(ICI) be a cut off function such that x(^) = lifO<r<l and x(r) = if r > 2. Here applying 
the Caffarelh-Kohn-Nirenberg inequahty ()32|) with m = a = —2j, r = p — 2, a = 1, then we get 



Q 









Q 


< 






L|(Bi) 





<c||V(xQ)||b<c ||Q||i|(B^) + ||VQ||i| 



(B2) ; • 



Since C(0 = we find || • \\lI{b^) < II • IIl|(Bi) and || • 11^2 (^^^ < e|| • 11^2(^2)- Hence we obtain 

m',s)Qie,s)m' < ce-(i+^)^'^(||VQ||c + IIQIIc). 



Therefore plugging this estimate into ([65]) . we get 



1 d 



^fJQi'^Wc < - ( 1 - e-'''^ ) ||VQ(s)||^ + ||Q(.)||^ + ce 



-{2+5)X*s 



Since {Q{s),r]ij)c = for G IT and Q{si) = 0, there exists 6' > such that 

||Q(s)||c<ce-(l+'5')^*^ 

which completes the proof. 

Lemma 7.7. There exist 6 > and c > such that 



□ 





+ 











for (y,5)G0[i, 



Proof. Since \y\ < e^/^ and s > si + 1, we get from Lemma 14.111 



^{7-m)/4 



< C 



Therefore Lemma 17.41 implies 



Next we estimate P{fg^ e^^^ '^^ F{T)dT). We divide the integral into two parts. 



P[ / e^("-^)F(r)dr ) =P 



Si 



e^(^-^)F(T)dT ] + P{ I e'^^'~^^F{T)dT 



From Lemma ISTHl we recall that e^*^'' '^'>F{t) = e-^/^e'^'^'* ^/^)F(r) for si < r < s — 1. Hence by the 
same way as above, we obtain 



< c 
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Therefore by Lemma 17.61 it follows that 



s-l 



Now we estimate P{Jg_i e^^^ '^^ F{T)dT). Then by Lemma l6.2| we see that 



Js-l 



< ce-^'^e-^'' for Jfe""'" < |y| < e'"^ 



Furthermore Lemma 15.81 and Lemma 15.101 imply 



s-l 



Here we recall that Pb = b — Y^,- j)gn(6, ??ij)c^ij- Therefore since \y\ < e^/^, we obtain 



Thus the proof is completed. 

Therefore combining Lemma l7. II - Lemma 17.31 and Lemma 17.71 we obtain the following result. 
Proposition 7.1. There exist 5 > and c > such that if ip{y,s) satisfies ()62p . then it holds that 



□ 



b{y,s) + e-^*'rju{y)\ < ce-'^^^e"^*^ (l + for G O 



(I) 

Long' 



7.2 Long time II 

In this subsection, we derive the estimate in 

1(11) _ ^1/4 



Ol^ong = {(y^^); e'^' < \y\ < min{e(^-^^)/2,e-}, + 1< s < .2} 



Throughout this section, we always assume iy,s) G o£ig and §2^. Since e^/^ < |y| < e 
can fix s' £ (si, s) such that 



,(s-si)/2 



{s-s')/2 



\y\ = e 

Furthermore since e^*~*'^/^ = lyl > e^^'^, it follows that 



For simplicity of notations, s' always stands for ()70p in this subsection. 
Lemma 7.8. There exist 6 > and c > such that 



we 
(70) 

(71) 



|e-4(s-sOp5^| < ce~^^ie-^'' for {y, s) € O-^"^ 



Long' 
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Proof. Since \y\ = e^^ * applying Lemma 14.111 we see that 



< 



ce 



i'y-m){s-s')/2 



(1 _ e-i^-^')y 



Therefore we obtain from ()70p and ([7T1 



< ce 



(^_m)(s_s')/2^-A*(s'-si) 



\\Pb 



l\\C 



Ce{7-™)(«-«')/2gA*(s-s')g-A*SgA*.i||p^^||^ 



Here we recall that \\Phi \\c < ce 



(see proof of Lemma[73]). Therefore we obtain the conclusion. 



□ 



Lemma 7.9. There exist 6 > and c > such that 



.Bis 



-''^F{T)di 



<ce-''^e-^'' for (y,s)GOSg. 



Proof. By using Pb = b — Yl{i j)eu(^^''lij)c]ij^ divide the integral into four parts. 



P ( / e^("-^)F(T)(iT ) = P{ I e^^'-^^F{T)dTj + 

E Q'\e''^'~'^Fir),7j,,)cdry,j. 



e'^^'~^^F{T)dT 



(72) 



{*,i)6n 



Since e^^^ "^^ = e"^^* s')^B{s' r) £qj^ 7- < s' < s (see Lemma |5.8|) . the first integral of (j72|) is written by 

P e®(^-^)F(T)dTj = e-^(^-^')p (^J' e^(^'-^)F(T)dTj . 
Then since e-^^*"*') = e(7-™-)(s-«')/2g.Ao(s-s')^ by using \y\ = e^'^"'^')/^, we get from Lemma [4.111 

gg(7-m){s-/)/2 



'-^'^F{T)dl 



< 



(1 - e-'y^-^')Y 
c\y\'<-^ 



P 



^F{T)dl 



(l_e-(«-^'))r 

Therefore by using Lemma 17.61 (|7Up and (|71|) . we obtain 



p[ / e^(^'-^)F(T)dT 



g^{s-s')p / gB(.'-r)p(^)^^ 



= ce-^"'e-^*"|2/|2^*-'"+T. 
Next we estimate the second integral of ()72p . Since |y| = e^'^"^'-'/^, we obtain from Lemma l7.11l 



e^(^-^)F(r)dr 



<5si -A*f 



i + |y| 



2A*-m+7 
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To estimate the third term in ()72p . we apply Lemma 16.21 and obtain 



< ce^^'^e^^'' (l + for Ke"^' < \y\ < e 



Js-l 

Finally we provide the estimate of the last term in ()72p . Then since Xij < A* for G IT, from 

Lemma 15.81 and Lemma \5.W\ we get 



Prom Lemma I A. 11 we recall that \r]ij\ < c\y\'^'^'-^ ^^'^ for \y\ > e^/^. Therefore by using \y\ = e^^ 
we obtain 



F{T),rjij]dTj 7]ij 



Thus the proof is completed. □ 

Combining Lemma 17.81 - Lemma 17.91 and Lemma |7. II - Lemma 17.31 we obtain the following result. 
Proposition 7.2. There exist 5 > and c > such that if (p{y,s) satisfies (j62p . then it holds that 



biy, s) + e-^*'mdy) < ce-'^'e-^'^ (l + for {y, s) G O 



Lone ■ 



7.3 Long time III 

Finally we provide the estimate in 

0?o?g = {min{e'^^e(^-^l)/2| ^ ^ ^as ^ si + 1< s < S2}. 

Without loss of generality, we can assume e^'*"'*^^/^ < e"^ . Furthermore throughout this subsection, 
we always assume \d\ < eie"'*'**^, ip{y,s) S ^si,s2 ™d (2/1 -s) £ ^Long- Here we recall that b{y,s) is 
given by 

b{s) = e-^'^'-'-'^Pebi - e-^''7ju + f e^^'-^'^ F{T)dT, 

J Sl 

where P^fti = bi + e~^ '^^Vil- 

Lemma 7.10. Let be v[s) given in Lemma \5A[ Then there exist 6 > and c > such that 



<c{e^''' +u{si) + e^'''d 



1 + |y 



2A+-m+7 



for {y,s)e0^ll. 

Proof. We divide the integral into four parts. 



e^(-«i)p,5^ = / +/ +/ +/ \v{y,i,s-si)P,biB{Odi 

\J0 J_ffe-"^i J I JeB^i 



(73) 
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Since s > si + 1, Proposition 14.11 implies 

T{y, s-si)< ce^^-'^^i'-'^)/^ (|^| + l)^^ exp (^-c ^e-^'-''^/^y - 
Therefore we get from Lemma 15.41 







-\*si 



Since \y\ > e*^**"**^)/^, we note that 

g{7-m.)(s-si)/2 .gA*(s-si) ^ |y|7-m+2A*^ 

Therefore we obtain from 7 > m 
Jo 

Next we estimate the second integral in ()73p . By Lemma [531 we recall that 

|P,6i| < c (u{si)e~^*'' + dnr..) (1 + for i/e-'^^^ < \y\ < e^'K 



Plugging ([7I|) and ([76]) into the second integral in ([73[) . we get 

"1 



r(y,e,s-5i)PAmeK 



Therefore since 7 < (n — 2)/2, by using ([75]) . we obtain 
From ([74p and ([76p . the third integral in (|73p is estimated by 



(^-^i)/2 



X / l^p^'-^+^exp ( -c 

We put 



D^ = {\< \i\ < e^^i; |e-(^"^^)/2y - e| < 1^1/2}, 
1)2 = {!< lel < e^^^ |e-(^"^^)/2y - ^1 > 1^1/2}. 
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For the case ^ G -Di, we note that |^| < 2e Hence we see that 



JDi 



■m+7 



exp — c 



'{s-si)/2 



y\ 



2A*-m+7 



exp — c 



Furthermore by definition of D2, we get 



2A*-m+7 



exp — c 



D2 



-(s-si)/2 



y-^ 



Therefore we obtain from (1751 



+ 



2A*-m+7 



exp — c 



-(^-i)/2 



y - C 



g-A*(s-si)|y|2A*-m+7 _|_ ^{■y-m){s-si)/2 



g-A*s|y|2A*-m+7_ 



Finally we provide the estimate of the fourth term in (|73|) . Here we note that 

g-(s-si)/2|y| ^ g-(s-si)/2gf7S ^ g(2<7-l)(s-si)/2g<7Si 

= g(2o--l)(s-si)/2g-((?-cr)sigesi £qj. ^ gO 

As a consequence, since cr < 1/2, it holds that for |y| < e"'^ and \(,\ > e^*^ 



-(s-si)/2 



y-C\>c\C\>c\^\+ce^''. 



exp 1 — ce 



Therefore we obtain from ()74p and Lemma [57 

< ce(^— )(^-^i)/2exp(-ce2f^i). 

Thus it follows from (|75p that 

/>oo 

Since H = e"" with < a' ^ 1, combining the above estimates, we find that there exists 6 > such 
that 



g-^*s|y|2A*--m+7 



for (?/, s) G OLong' which completes the proof. 



□ 
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Next we provide the estimate of e^^^ '^^ F{T)dT. We divide this integral into two parts 



^F{T)dl 



Prom Lemma 16.21 the second integral of ()77p is estimated by 



^F{T)di 



5s\ A*s 



i + |y| 



2A*-m+7 



Now we estimate the first integral of ()77p . Here we consider a more general from. 

Lemma 7.11. There exist J > and c > such that if \y\ > e^^"^^^^"^ and si < fii < s — 1 
holds that 



^F{T)di 



Ml 



2A*-m+7 



for (y,.)EO?„^;). 



Proof. First we divide the integral into four parts. 



Ml 



-1 



^F{T)dT= I dr I r(y,e',s-r)F(^',T)^(0< 
J 111 JdR^ 

dri + + / + / r(2/,C',s - T)F{i' ,T)B{i')di' 

= : h + l2+h + h. 

Since s — r > 1 for r G (//i, s — 1), Proposition 14.11 implies 



) < ce^^-'^^^'-^^/'^{\i\ + 1)2^ exp 



-(s-r)/2 



for ^1 < T < s — 1. Since H < K, we note from Lemma 15.71 that 

-|y|-(m+i)+7 for|y|</?e- 



m',T)\ = \fm',T))/a{y)\<c^ 



g-2A*.|^|-l+m-7 fo^ ^g-<^s < |y| < 1. 



Hence this implies 



s-l rHe-'^^ 

{■y-m){s-T)/2^^ / l^'l'^^'^'^dS,' 

Jo 



h < c I e 

,(7-m)(s-r)/2^j:jg-wr^-m-7+n-2^^ 



c e^ 



< gj:/'"-2-(m+7)g-(r!,-2-27)aJAtig(7-m){s-/ii)/2g-A*^i ^ 

Here since |?/| > e^*"'^^^/^, we note that 

g(7-m)(s-/ii)/2 . gA*(s-^ti) |y|7-m+2A*_ 

Therefore it follows that 
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Ml 



Next we estimate I2. Then from (j79j) and (|80|1 . we see that 

/2 < C 

J Le-'^-^ 

Furthermore we get from Lemma 15.71 



exp — c 



-(^-^)/2, 



Here we put 



Di = {l< l^'l < e'^- |e-(^--)/2y - C'\ < ie'l/2} , 

^2 = {l< \e\ < e'^"; |e"(^"^)/2y - e'l > IC'1/2} . 
Then since e~^^~'^^/'^\y\ > \C'\/2 for ^' £ Di, we observe that 



/I— m— l+4A*+7 



exp — c 



-(«-r)/2. 



<c(e-(^--)/2|y|) |^'|-iexp(-c 



-(«-r)/2, 



< ce-(T-'")(^-^)/2g-2A*(s-r)|y|4A*-m+7 ^ g^p ( -C 



-(^-^)/2, 



Therefore since |y| < e"^ , it follows that 



s-l 



,(7-m)(s-r)/2g-2AV^^ / 



Ml 



-m-l+4A*+7 



exp — c 



Oi 



-(^-^)/2, 



Furthermore by definition of D2, we see that 



le'l 



/|-m-l+4A*+7 



exp — c 



-(^-^)/2, 



y-e' Me' 



< / ie'r™~'+'^*+^e-=i«'i'de' < c. 



As a consequence, we obtain from 



s-l 



,(7-m)(s-r)/2g-2A*r^^ / j^'] 



Ml 



-m— l+4A*+7 



exp — c 



-(^-r)/2. 



y-e' Me' 



Thus we conclude 
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Finally from Lemma |5.7| we see that 



U < 



s-l 

I 

Ml 

s-1 

I 

Ml 



^{7-m.)(s-T)/2j^ / |^'|-m-l+7 



exp — c 



-(s-r)/2 



,{7-™.)(s-r)/2^^ / 



+ 



\Jdi Jd2 



/I— m— 1+7 



exp 



(-c|e-(-)/2y-ef) 



where -Di and -D2 are given by 

^i = {|e'l>e'^";|e-(^"^)/'y-e'l<ie'l/2}, 
l?2 = {|e'l>e'^";|e-(^-^)/2y-e'l>ie'l/2}. 

Since e-^''-^'>/'^\y\ > \(,'\/2 for ^' G we get 



/I — m— 1+7 



< 



exp ^— c 

2A*-m+7 



(s-r)/2 



t/|-2A*-l 



-(.-r)/2 



exp — c 



i)i 



-(s-r)/2 



I ' exp ( -c 
Therefore since (2A* + l)a > A*, it follows that 



s-l 



Ml 



^(t,_^)(,_^)/2^^ / le'r^'^^^exp ( -c 

fS-1 



< ce 



e(A*-(2A*+l).)r^^^^ |y|2A- 



-m+7 



< ce^^* ~ (2A*+l)f7)Mi g-A* « I y 1 2A* -m+7 ^ 

Furthermore by definition of D2, we have 



Da 



■/I— m— 1+7 



exp — c 



-(^-r)/2, 



y-e' He' < / le'i 



t/|-m-l+7g-c|5'|2^^/ 



Da 



Here we note that r 3g cr^ ^ cr^ £qj, ^ > 1. Therefore it holds that 



/ 1 — m— 1+7 



le'l 

Da 

As a consequence, we obtain 
rs-i 



exp — c 



-(«-^)/2, 



y-e' Ue' < cexp(-cV'^^) . 



Ml 



-m— 1+7 



exp — c 



< c / e 

'Ml 



Da 



-(s-r)/2y _ ^> 



Therefore ([5U|) implies 



s-l 



exp (-c'e^'^^) dr < ce(7-m)(s-Mi)/2 (_c'e2<^Mi) 



Ml 



JDa 



52 



Thus we conclude 

Since (2A* + l)a > A*, the proof is completed. □ 

Combining Lemma 17.101 - Lemma [7?TT] and ()78p . we obtain the following result. 

Proposition 7.3. There exist 5 > and c > suc/i i/iai i/ \d\ < eie~^*'^^ and (p{y,s) G ^^^^sj ' ^/^en 
/io/(is that 

biy,s) + e-^*'miiy)\ < ce-'-'-er^'^ (l + 1^12^*-"^+^) for {y,s) G O^Pg. 

8 Exterior domain estimates 

In this section, we provide the estimate in 

OExt = {(y, s); r > e"', si < s < S2} . 



Here we define uiq > 1 appearing in ()46p as follows. Let ch be the best constant given in Lemma 13.21 
Then by definition of a JL-supercritical exponent, we recall that U^^\g^n < qU^^\g^n < ch- Then 
we define uiq = mo{q,n) by 

ml' = CH/U^^'\dR->l. (81) 
Furthermore let eniO) be the first eigenfunction of 

i-Ase = Xe in(0,7r/2), 
\d,^e = CHe on = 7r/2. 

Then it is known that the first eigenvalue is — (n — 2)^/4 (see Lemma l3.4p . By using this fact, we see 
that L{x) = e/i-(0)r~("'~^)/^ gives a solution of 

J-AL = inR!J,, 
\duL = CHr^'L ondW'l. 

Since m < {n — 2)/2, we can choose ri > such that 

L{x) < C/oo(x) for |x| > n. (82) 

Furthermore from mo > 1, we can fix do G (0, 1) such that 

^^)t/oo(x)+do< (i^|^)f/oo(x) for|x|<n. (83) 
Now we divide Osxt into two parts. 

4xt = {(y>^); e'^^ < r < < s < ^2} , 

Oex! = {(y.s); ^ > ne'/2, si < s < S2} • 

It is clear that Osxt = O^^^. U 0^x1 • First we provide the estimate in O^^t • 
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Proposition 8.1. There exists sq > such that if s\ > sq, \d\ < e\e ^ and ip{y,s) G ^si.sj; then 
it holds that 

v{y, s) < (i^l^) UM for {y, s) e og,. 

Proof. Throughout this proof, we assume ip{y,s) G ^si,s2- Here we put T = e~^^, T' = e~^^ — e~^^ 
and 

u{x, t) = {T- t)-^l^^{{T - t)-'/^x, - log(T -t)). 

Here we easily see that < T' < T and T' — T as S2 — ^ oo. Then since (p{y,s) £ ^si,s2> u{x,t) is 
defined on M" x (0,T') and satisfies ([T|) with mo(2;) = T~"^/^(^(T~^/^x, si). For simphcity, we put 

Ot' = {{x,t); \x\ > (r-t)(i-2-)/2, 0<t <T'}. 

Since < ^p{y,s) < inoUody) for \y\ > e'^^, it holds that 

< u{x, t) < moiT - ty'^/^Uoo ((T - t)-^/^x^ < c\x\-'^ 

< C{T - t)-(l-2-W2 fo^ ^ 

Therefore there exists k > such that the boundary condition on OM" is given by 

d^U = u'i < k{T - t)-"^9(l-2-)/2 for (^^ g _ (84) 

Furthermore since \ip{y,s) — C/oo(y)| < ce"'^ ^lyp"^ for \y\ = e"'^ , we observe that 

u{x,t) < {T-ty"'/^ (^(T - t)-i/2^) +c{T-tf* (^(T-t)-V2|2,|^'^*~™^ 
< [/oo(x) + c\x\^^*"'^ for |x| = (T - t)(i-2-)/2^ < t < T'. 

Therefore since mg > 1, there exists Ti > such that if T < Ti, then it holds that 2c\x\'^^*~'^ < 
(mo - l)Uoo{x) on |x| = (T - t)(i-2a)/2 for < t < T. As a consequence, we get if T < Ti 

f/oo(x) for |x| = (T - t)(i-2-)/2, 0<t<T'. (85) 



u{x,t) < 

Since cr by definition of , we easily see that 



[f/oo(y)+ Yl \diMjiy)\+^~^*''\My)\ for e-^i < |y| < e^^i + 1, 

[O for |y| > e^?"i + 1. 

Since \dij\ < eie^^*"^ and |0jj(y)| < Qjlyp'^'J"™ for |y| > 1, it holds that 

^{y,si) < t/oo(y) + ce-"*^My|2^*-™<C/oo(y)+ce-(i-2^)"*^^|y|-"^ 
< (l + ce"(i^2riA*.i^ ^^(y) for g-si < |y| < ggsi ^ 

Therefore by using uq(x) = T~'^/^(/5(T~^/^x, — logT), we see that 

f (1 + cr(i-2f)^*) [/^(x) for rV2-'^ < |x| < Ti/2-f + rV2, 

wo(a;) < s , , (86) 

\o for |x| >rV2-^ + ri/2. ^ ^ 
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As a consequence, there exists T2 > such that if T < T2, then it holds that 

uo{x) < (^^) f/oo(x) for \x\ > r(i-2.)/2^ 



(87) 



Now we construct a super-solution. For simplicity, we put p = mq{l — 2a). Let g{x, t) be a solution of 



gt = A5, 



dug 



2k 



do 

[gix,0) = do/2, 
Here we put 

u{x, t) = 

Then we easily check that u{x,t) satisfies 
ut = An, 



{x,t) gR^x (0,T), 
{T-t)-P/^g, {x,t)edRlx{0,T), 



(88) 



X G 



1 + mo 



Uooix) + g{x,t). 



(89) 



-p/2 



5, 



(x,t) G M!^ X (o,r), 
{x,t) G « X (o,r). 



u{x, 0) = no(x) := [^^^j Uooix) + do/2, x G M'^. 

Since g{x,t) > do/2 (see Lemma [8?T]) . we find 

d^u > k{T - t)-P/^ for (x,t) G X (0,T). (90) 
We put C/(x,t) = u{x,t) - u{x,t). Then from ([MD-dlZD and (I89|)-(l90|), we see that if T < min{Ti,r2} 

d^^U > for (x, t) G Ot', X G dRl, 
U >0 for |x| = (T - t)(i-2^)/2, < t < T', 
[7>0 for |x| > (T-t)(i-2^)/2, t = 0. 
Therefore applying a comparison lemma in Ot', we obtain if T < min{Ti,r2} 

u{x,t) < u{x,t) for (x,t) G Ot'- 

Since ex > l/2q, we easily see that p < 1. Therefore Lemma [8T] implies sup^^, j)g]gn ^(o.T) b(^)*)l < '^o 
if T < To. Therefore if T < {Tq, Ti, r2}, it holds that 

uix,t) < Uoo{x) + do for {x,t) G Or'- 

As a consequence, by ([55]) . if T < {To,Ti,r2}, it follows that 

^x(x, t) < (^^1^) t/oo(x) for (T - t)(i-2<x)/2 < < < t < r'. 



Since (p{y, s) = (T — t)'^/'^u{{T — t)^/'^y, t) with T — t = e ^, we obtain the conclusion. 



□ 



Lemma 8.1. Letp < 1 and g{x,t) be a solution of (|88p . Then there exists Tq > suc/i that ifT < To, 
t/ien it holds that 

sup |c/(x,i)l < do- 



{x,t)&Wlx{0,T) 

Furthermore it holds that g{x,t) > do/2 for {x,t) G x (0,r). 
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Proof. Let GN{x,S^,t) be the heat kernel on M" with Neumann boundary condition. Then g{x,t) is 
expressed by 

9{t)=[ Gix,^,t)(^)dC+(^-^) fdr [ G^{x,i\t-r) f'^l di'. 

Let g^{t) = sup(2,_^)gignx(o,t) \g{x,T)\. Then since p < 1, we get 

gooit) <^+gooit) (^) fiT-rr^'^dr [ GN{x,e,t-T)de 
^ \ "-0 / Jo JdRI 



< ^ + cg^it)l\T-rr^^^'y'dr 



Therefore since p < 1, the first statement is proved. Furthermore since gi{x,t) = (io/2 is a sub-solution, 
we obtain the second statement. □ 

Next we provide the estimate in Og^|. 

Proposition 8.2. There exists sq > such that if si > sq, \d\ < eie""^**^ and ip{y,s) G ^51,52; then 
it holds that 

^{y,s) < (^^) U^{y) for {x,t) G og^). 

Proof. Throughout this proof, we assume ip{y, s) G ylsi^^j- Let u{x, t), T and T' be as in the proof of 
Proposition 18. 1[ From ([55]) , there exists Ti > such that if T < Ti , then it hold that 

uo{x) < L{x) for xeRI 

Furthermore since ip{y,s) G A^j^^) there exists sq > such that if si > sq, it holds that (p{y,s) < 
fnoUoo{y) for (y,s) G M" x (si,S2)- This implies 

u(x,t) < rriQUooix) for G M+ x (0,r'). 

Therefore the boundary condition on dW\_ is given by 

d^u = u" < {mQUoof~^u < cur'^u for t G (0, T'). 

Next we compare the values of u{x,t) and L{x) on = (T — for < t < T' . Since 

(^(y, s) G ^siS2> we recall that u(2;, t) < Uoo{x) for = K{T - and < t < T' . Furthermore 

we easily see that L{x) > Uoo{x) for \x\ = K{T - and < t < T if T is smah enough. 

Therefore there exists T2 > such that if T < T2 

n(x,t) < L(x) for \x\ = K{T - < t < T'. 

Thus applying a comparison lemma in Ot' = {{x,t); \x\ > K{T - < t < T'}, we obtain 

if r < min{Ti,r2,e"'*o} 

u{x,t) < L{x) for {x,t) G Ot' . 
Since n > ir(r - we obtain from ()82p 



u{x,t) < ( — — ^ ) C/oo(a^) for > ri. 



which completes the proof. □ 
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A Appendix 

In Appendix, we provide complete eigenfunctions and eigenvalues of 



y „ m 
A - - • V 



\(f) in 



^+1 



(91) 



on 



Here we restrict ourselves to y^-axial symmetric functions. We again introduce the following eigenvalue 
problem on the unit sphere introduced in (fTU]) . 



-A5e = Ke in(0,7r/2), 
'ge = /Ce on {vr/2}. 



(92) 



Let Ki, ei{6) be the i-th eigenvalue, the i-th eigenfunction with ||ej||j^2(5n-i) = 1- Then we find that 

LK^*^"^) is spanned by {ei{9)}i^^. Therefore any y„-axial symmetric continuous function /(y) is 
expressed by 

oo 

f{y) = Y.a,{r)em- 

i=l 

Plugging this expression into (j9T]) . the eigenvalue problem is reduced to 



a H a a a | = Aa, r > 0. 

r 2 2 



(93) 



Let aij{r) and Ay be the j-ih. eigenfunction with aij{r)'^e '"^/^r" ^dr = 1 and the j-th eigenvalue 
of Therefore all eigenfunctions of are expressed by 

(f'ijiy) = ei{9)aij{r) 

and its eigenvalue is given by Ajj. Then the eigenvalue Ay is explicitly expressed in terms of ki. Here 
from Lemma [331 we recall that ki < and Kj > for i>2. 

Lemma A.l. Let aij{r) and Xij be the j-th eigenfunction and eigenvalue of (|93|) . Then it holds that 
Ayr-m(^-{j-l),-^ + y-^'^ ^/^ = l, 



aij{r) = < 



^i,r->'M -(j-l),7,+ 



n r 
2'T 



li , rn 



where Aij is a normalization constant, 7 E (0, (n — 2)/2) is a root of 



and > {i > 2) is a root of 



-f"^ - {n- 2)7 = Ki (ki < 0) 



7^ + (n - 2)7i = Ki (Ki>0). 



Furthermore the following asymptotic formula holds 



{cij+o{l))r-' ift = l, 
aij(r) = < (r ~ 0) 

''^ ' l(Q,+o(l))r^' zfi>2, 



aij{r) 



■(ci,+o(l))r2^i^— ifi = l, 

n\ ~ 00) 

(c,,+o(l))r2^--" z/i>2. ^ ^ 
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Proof. By the same way as in the proof of Proposition 2.2 in [18] (see also p. p. 8- 9 in ^23]), we obtain 
the conclusion. □ 

Lemma A. 2. It holds that Xij > —(7 — m)/2 for any G N^. 



Proof. In Lemma I A. 11 we take i = j = 1. Then we easily see that An = — (7 — m)/2. Since An is the 
first eigenvalue, the proof is completed. □ 
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